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Wu EN Gentlemen of your 
Station and Figure become the 
_ Patrons of Science it is a Benefit 
to the Publick, their Expectations 
of farther Improvements having then 
the beſt Foundation. And All who 
have the Pleaſure of your Acquaint- 
ance, and know your Attachment to 
polite and uſeful Learning, in which 

a Knowledge of the Mathematicks 
may be juſtly included, will be ſen- 
fible of my Happineſs in being thus 
permitted to addreſs You. 
| Believe 


Believe me, Sir, whatever may be 
the Fate of theſe Sheets, I ſhall,” at 
all Times, conſider this Uſe of your 


Name as a ſingular Honour to, 


— 


Six, 


Your moſt obedient, and moſt 


Humble Servant, 


„ „ 2” YEE 


T. SIMPSON, 


Wookwich, May 1, 
I 7 52. 
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and illuſtrated. 


— 


Tr E enſuing Wark, or at leaft the greateſt 
part of it, -was originally compoſed for my 
own uſe in the Roral Acavemr: And it 3s 


2 a preſumption that it may alſo . be of 


ervice 40 others, eſpecially thoſe employed in a 


like public way of teaching, that it now 
appears in the World. 


Te Work ſelf. confifts of fix * diſtin 3 parts, | 


or tracts; each of which T ſhall here give ſoint 


account of. | 


The firſt part contains a. number of Alge- 


 braical Problems, with their Solutions; de- 
figned. as proper exerciſes for young beginners. 
In the courſe of theſe Problems and Solutions 
. (whereof the greater part will appear to be 


new) the art of managing equations, and 
the various methods of ſubiſtitution are taught 
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* The ſixth part, relating to the Doctrine of Ae 
is omitted in this Edition, and added to the Author's Treatiſe 


on that ſubject, 
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The fecond part comprehends | a variety of 
Wen Plobleis 0 their” reg 
both by Algebra' and alſo independent of it, 
from prenciples purely Geometrical. In this 

part the learner” will find a large field to 
. exerciſe his induſtry in: he will moreover 
have the opportunity of comparing the two 
methods of ſolution together, and from thence 
obſerving, that ſometimes the one has the ad. 
 vattfage, and ſometimes the other'; that," in 
fome \ caſes they both proceed upon the very 
fame propertics, and in others, upon quite 
different ones : and it may be further re- 
marked from hence (which will be of ſome 
ne to know) that, when quantities are given 
in magnitude only, the Algebraic method 
generally claims the preference, in point of 
eaſe and expedition, at leaſt; whereas the 
advantage is almoſt always on the fide of the 
. geometrical effection, when the poſitions of. 
points and lines, and the quantities of angles. 
are given. TON Es OY Oe Ru 

There is, however, one particular, or two, 

in this part, that may be thought to ſtand in 
| need of ſame F. 

In the firſt place, the frequent uſe of m. 
bols, common to the Algebraic notation, may, 
perhaps, be looked upon as repugnant to the 
rigour and firicineſe of Geomietry.. But it is 
not the uſe of ſymbols (which ſome, more ys 
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PDulbur than diſterning, have eee Bul 
rbe ideas annexed to t/ en, that "renter the con- 
| federation Geometrical, or Ungeometrical. I 
pure Geometry regard ir akays had id the 
Joes quantity of ſome one Fa the three kinds | 
J 'extenfion, - abſirafedly  confidered; and, 
Whatever fmbols © are 8 are e 
8 e as expr the quantities 
: E and Edo meaſures, or or numerical. 
values of them. Thus by A x B, talen in 8 
geometrical ſenſe, we hats an idea, nat , the 
Produtt of two numbers (at in the . algebraic. 
rotation), but of a real, reangular, ace 
 Comprehended: under two right-lines, repre- 
 fented by A, aud B, and. two others | equal to- 


them. So, likewiſe, - 1. E not to be under- 


food here in the. Light "of ' an algthraie; 
Iraction, But as 4 rs 9 which is fourth = 
proportional to three other ri Sher lines; repre- 
L by A, B aud C. — Theſe Aſind ons 

are - objolutely weceſſary 10 thoſe 2050 de 
have. an accurate a of. the ſubject. 

- The ſecond particular, abbue binted. at; Te! 
lates 10 the quotations ;  wwherem I bave re- | 
ferred to my own Elements of Geometry,” and 
not 70 thoſe of Euclid, ſa univerſally known = 
and eftabliſhed, But far this theres were 1 | 
reaſons: Firſt, thoſe perſons, for whoſe in- 
_ JO ye Sheets are, in a more particular” 

LEON manner, 
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manner, d:figned, are taught ve firſt Erin- 


ciples of Geometry from other Elements than 
thoſe of Euclid ; and, ſecondly, a number 0 Z 
e 


pro pofitions are "uſed here that are only. 10 


met with in modern. author. 
In the third part the Theory of. Gunnery, 


er the Motion of "Projedtiles, is confidered, ex 


clufrve of the. conic. Setions ; and Ehe practical 
folutions of the ſeveral caſes depending on the 
theory . (as well thoſe where the. object ir 
5 or depreſſed as where, it is fatuate in 
the plain of the horizon) are e at. 8 - 
by plane Trigonometry. 

7 he fourth part exhibits a new,. and very 
com prebenfrve method for exrracting the roots. 
4 gebraical Equations ; where y the num 
er Th ught may be determined, 10 any propoſed 


degree of exatineſs, without. the trauble of._ 


repeating the operation, « as in the common ol. 
by conver ner, e rot rf 
The 55 part giues ſome account 10 the, 
Nature of Fluxions, together with the r 
2 of the fundamental rules; and 
be of uſe, not only to beginners, but: alfo "4 


fuch, who, though _— nell verſed in tbe 
prattiſe and application of | Fluxions, have 


nevertheleſs but an imperſec idea of the firſt. 
principles of this di e branch b of e e 
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Ms. THOMAS SIMPSON was born at Market 
Boſworth, in the county of Leicefter, Auguſt the 20th, 
O. S. 1710. His father was a ſtuff-weayer in that 
town; and, though in tolerable circumſtances, yet, 
intending to bring up his ſon Thomas. to his own 
buſineſs, he took ſo little care of his education, that 


he was only taught to read Engliſh. But nature had 


furniſhed him with talents and a genius for very dif- 


ferent purſuits, which led him afterwards to the higheſt 


rank in the mathematical and philoſophical ſciences. 


Voung Simpſon very ſoon gave indications of his 


turn for ſtudy in general, by eagerly reading all books 
he could meet with, rg r to write, and 
embracing every opportunity he could find of deriving 


knowledge from other perſons. Thomas's father ob- 


ſerving him thus to neglect his buſineſs, by ſpendin 
his time in reading what he thought uſeleſs hooks, and 
following other ſuch like purſuits, uſed all his endea- 
vours to check ſuch proceedings, and to induce him to 
follow his profeſſion with ſteadineſs and better effect. 
But after many ſtruggles for this purpoſe, the differences 
thus produced between them at length roſe to ſuch a 
height, that our Author quitted his father's houſe 
entirely. 1 f a | 
Upon this occaſion he repaired to Nuneaton, a town 
at a ſmall diſtance from Boſworth, where he went to 
lodge at the houſe of a taylor's widow, of the name of 
Swinfield, who had been left with two children, a 
daughter and a fon, by her huſband, of whom the 


ſon, who was the younger, being but about two | 


Journ older than Simpſon, had become his intimate 
riend and companion, And here he continued ſome 
| a time 


** 


Aﬀer he had been 
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time, e at his txade, and improving his know - 
ledge by reading ſuch books as he could procure. _ 
mong ſeveral other circumſtances which, long before 
this, gave occaſion to ſhew our Author's early thirſt 
for knowledge, as well as proving a freſh incitement 
to acquire it, was that of a large ſolar eclipſe, which 
took place on the 11th of May, 1724. This pheno- 
menon, ſo awful to many who are ignorant of the 
cauſe of it, itruck the mind of young Simpſon with a 
ſtrong curioſity to diſcover the reaſon of it, and to be 
able to predict the like ſurpriſing events. It was how- 
ever five or fix years before he could obtain his deſire, 
which at length was gratified by the following accident. 
Ae time at Mrs. Swinfield's, at 
Nuneaton, a. travelling pedlar came that way, and 
took a lodging at the ſame houſe, according to his. 
uſual cuſtom. This man, to his profeſſion of an 
itinerant merchant, had joined the more profitable one 
of a fortune-teller, which he performed by means of 
Judicial aſtrology. Every one knows with what re- 
gard perſons of ſuch a — are treated by the inhabitants 
of country villages; it cannot be eng therefore 
that an untutored lad of nineteen ſhould look upon 
this man as a prodigy, and, regarding him in this 
light, ſhould endeavour to ingratiate himſelf into his 
favour ; in which he ſucceeded ſo well, that the ſage 
was no Jeſs taken with the quick natural parts and 
genius of his new acquaintance. 'The pedlar, intending 
a journey to Briſtol fair, left in the hands of young 
Simpſon an old edition of Cocker's Arithmetic, to 
which was ſubjoined a ſhort Appendix on Algebra, 
and a Book upon Genitures, by Partridge the almanac 
maker. Theſe books he had peruſed to ſo good pur- 
poſe, during the abſence of his friend, as to excite his 
amazement upon his return; in conſequence of which 
he ſet himſelf about erecting the following genethliacal 
type, in order to a preſage of Thomas's -future for- 
. THR e 
5 N ToMAs 
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THomMas SIMPSON, - 


7 
* ales 


las 


This poſition of the heavens having been maturely 
conſidered ſecundum artem, the wizard, with great con- 
fidence, pronounced, that „within two years time. 
Simpſon would turn out a greater man than himſelf.” 
In fact, our Author profited-ſo well by the encourage- 
ment and aſſiſtance of the pedlar, afforded him from 
time to time when he occafionally came to Nuneaton, 
that, by the advice of his friend, he at length made 
an open profeſſion of caſting nativities himſelf; from 
which, together with teaching an evening ſchool, he 
derived a pretty pittance, ſo that he greatly neglected 
his weaving, to which indeed he had never manifeſted 
any very great attachment, and ſoon became the oracle 
of Nuneaton, Boſworth, and the environs. Scarce a 
courtſhip advanced to a match, or a bargain to a ſale, - + 
without previouſly conſulting the infallible Simpſon 
about the conſequences. But helping folks to ſtolen 
goods, he always declared above his ſkill; and that * 
3 - "8 8 
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(i) 
life and death he had no power: all thoſe called lauf 


queſtions he readily reſolved, provided the perſons were 


certain as to the horary data of the horoſcope : and, 


he has often declared, with ſuch ſucceſs, that if from 
very cogent reaſons he had not been thoroughly con- 
vinced of the vain foundation and fallaciouſneſs of his 


art, he never ſhould have dropt it, as he afterwards 
found himſelf in conſcience bound to do. 

About this time he married the widow Swinfield, in 
whoſe houſe he loqted, though ſhe was then almoſt old 
enough to be his grandmother, being upwards of fifty 
years of age, and having been looked upon as an old 
maid before her firſt marriage, and yet her youngeſt 


child was two years older than Simpſon himſelf. After 


this the family lived comfortably enough together for 
ſome ſhort time, Simpſon occaſionally. working at. his 


buſineſs of a weaver in the day-time, and teaching an 


evening ſchool or telling fortunes at night ; the family 


being alſo farther aſſiſted by the labours of young 


Swinfield, who had been brought up in the profeſſion 
of his father. But this tranquillity was ſoon inter- 


rupted, and our Author driven at once from his home 


and. the profeſhon of aſtrology, by the following 
accident. A young woman in the neighbourhood had 
long wiſhed to hear or know ſomething of her lover, 
who had been gone to ſea; but Simpſon had put her 
off from time to time, till the girl grew at laſt fo im- 
portunate, that he could deny her no longer, He 
aſked her if ſhe would be afraid if he ſhould raiſe the 


devil, thinking to deter her; but ſhe declared ſhe 


feared neither ghoſt nor devil, ſo he was obliged to 


comply. The ſcene of action pitched upon was a 


barn, and young Swinfield was to act the devil or 
ghoſt, who being concealed under ſome ſtraw in a 
corner of the barn, was, at a ſignal given, to riſe 
ſlowly out from among the ſtraw, with his face marked 
ſo that the girl might not know him. Every thing 
being in order, the girl came at the time appointed; 
when Simpſon, after cautioning her not to be afraid, 

| N began 


OSS) 


| degan muttering fome myſtical worde, and "challking | 
round about them, till, on the ſignal given; up riſes the 


taylor flow and ſolemn, to the great terror of the poor 
girl, who, before ſhe had ſeen half his ſhoulders; fell 
into violent fits, crying out it was the very image oft 
her lover; and the effect upon her was 10 dreadful, 
that it was thought either death or madneſs mult be 
the conſequence. So that poor Simpſon was obliged 
immediately to abandon at once both his home and the 
profeſſion of a conjuror. 5 W 
Upon this occaſion it would ſeem he fled to Derby, 
where he remained ſome two or three years, inſtructing 
pupils in an evening ſchool, and working at his trade 
by day. Here too he wrote a ſong on occaſion of the 
parliamentary election at this place, in the year 173 
in favour of the Cavendiſh family; and it is probab 
he continued here till about the year 1735 or 17361 as 
I have been informed by the late Mr. Whitetwrkt; who 
then knew our Author, having alſo come to ſettle at 
Derby about the ſame time with him. 1 LH 
It would ſeem indeed that Simpſon had an early turn 
for verſifying, both, from the circumſtance of the fo 
abovementioned, and from his firſt two mathematic 


queſtions that were publiſhed in the Ladies Diary, 


which were both in a ſet of verſes, not ill written for 


the occaſion. Theſe were printed in the Diary for 


1736, and therefore muſt at lateſt have been written 
in the year 1735. Theſe two queſtions, being at that 
time pretty difficult ones, ſnew the great progreſs he 
had even then made in the mathematics; and from an 
expreſſion in the firſt of them, viz. where he mentions 
his reſidence as being in latitude 52, it appears he was 

not then come up to London, though he muſt have 
done ſo very ſoon after. | 


Together with his aſtrology he had foon furniſhed 


himſelf with enough of arithmetic, algebra, and 
metry to be qualified for- looking into the Ladies 


Diary (of which he had afterwards for ſeveral years 


the direction), by which he came to underſtand that 
| | | | there 
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propoſals for publiſhing by ſubſcription, 
of Fiuxions : wherein the Direct and Inverſe Method are 


© - demonſtrated after a new, clear, and conciſe Manner, with 


a 3 


there was a ſtill higher branch of the mathematical 


knowledge than any he had yet been acquainted with; 
and this was the method of Haris. But our young 
analyſt was quite at a loſs to diſcover any Bog 


author whe had written on the ſubject, except Mr. 


Hayes; and his work being a folio, and then pretty 


ſcarce, exceeded his ability of purchaſing : however, 
an acquaintance lent him Mr. Stone's Fluxians, which 
is a tranſlation of the Marquis de l' Hoſpital's : Analyſe 
des Infiniment Petits by this one book, and his awn' 
penetrating talents, he was, as we ſhall preſently ſee, 
enabled in a very few years to compoſe a much more 
accurate treatiſe on this ſubje& than any that had 
before appeared in our language. 

- After he had quitted aſtrology and its emoluments, 
he was driven to hardſhips for the ſubſiſtence of his, 
family, while at Derby, notwithſtanding his other 
induſtrious endeavours in his own trade by day, and 
teaching pupils at evenings. This determined him 


to repair to London, which he did in 1735 or 1736, 


as before ſaid, leaving the family behind, his wife 
being then pregnant with her firſt child by 6ur Author, 


which was contrary to the expectation of every. one, 


being then about fifty-five years of age, for which 
reaſon her neighbours uſed to ſay, there goes Sarah 
the wife of Abraham.” | . 

On his firſt coming to London, Mr. Simpfon 
wrought for ſome time at his buſineſs in Spitalfields, 
and taught mathematics at evenings, or any ſpare 


Tours. His induſtry turned to ſo good account, that 
he returned 4 


own into the country, and brought up 
his wife and three children, ſhe having produced- her 
firſt child in his abſence. The number of his ſcholars _ 
increaſing, and his abilities' becoming in ſome meaſure 
known, to the public, he was encouraged to make 
1 new Treatiſe 


their Application to Phyſics and Aſtronomy : al ſſo the * 
2 


. 


. C1 9 - 


of Infinite Serits and Reverting Series univerſally, are 

2 Fluxionary ay Exponential 2 
ſolved: together | with à Variety of new and curious 
Problem. „)) ͤ ĩò ͤ K 2, 
When Mr. Simpſon firſt propoſed his intentions of | 
publiſhing ſuch a work, he did not know of any 
Engliſh book, founded on the true principles of Flux» 
ions, that contained any thing material, eſpecially 
the practical part; and though there had been ſome - 
very curious things done by ſeveral learned and in- 
2 gentlemen, the principles were nevertheleſs 


left obſcure and defective, and all that had been done 


by any of them in infinite ſeries, very ingenſiderable. 
The book was publiſhed in 4to; in "4 year 1737, 


although the author had been frequently interrupted 


from furniſhing the preſs ſo faſt as he could have 


wiſhed, through his unavoidable attention to his pupils 


for his immediate ſupport. The principles of fluxions 
treated of in this work, are demonſtrated in a method 


accurately true and genuine, not effentially different 
from that of their great inventor, being entirely ex- - 
pounded by finite quantities. In the firſt and ſecond 
parts are given a great many new, and ſome very 
curious examples in the ſolutions of problems, rendered 


plain to ordinary capacities. 


The ſecond part treats of Infinite Series. And here 
nothing is propoſed without demonſtration, and every 


thing is illuſtrated by eaſy examples. New rules are 


alſo laid down for finding the forms of ſeries, without 
taking in any. of the fuperfluous terms. | 


I.he third part contains a familiar method of finding 
and comparing fluents, illuſtrated with ſome uſeful 


and eaſy applications. 7 
In the fourth part is ſhewn the uſe of fluxions in 


| ſome of the moſt ſublime branches of *Phy/ics and. 


Aſtronomy; where, beſides ſeveral things done in a 
method quite different from any thing to be met with 
in other authors, there are ſome very uſeful 1 pecu- 

Y > tions 


( viii ) 


Wen wining to dhe lofrine of Menden 14 


Centripetal Forces 7 r 

To this is added a ſupplement ; being a collection 
of miſcellaneous problems, independant of the foregoing 
four parts; and containing, among other matters, an 
inveſtigation of the Areas of Spherical Triangles; the 
Curve of Purſuit; the Paths of Shadows; the Motion 
of Projectiles in a Medium; and the manner of finding 


the Attractive Force of bodies of different forms, 


acting according to a given law. 1 | 
In 1740, Mr. Simpſon publiſhed a Treatiſe on The 
Nature and Lgws of Chance, in qto. To which is 


annexed, Full and clear Inveſtigations of two important 


Problems added in the 24 Edition of Mr. De Moivre's 


Book on Chances, as alſo two New Methods for the 


Summation of Series. | | | 
Our Author's next publication was a 4to volume 


of Eſſays on ſeveral curious and intereſting Subjects in 


Speculative and Mixed Mathematics ; printed in the ſame 
ear 1740: dedicated to FRANC1s BLAKE, Eſq. ſince 

Fellow of the Royal Society, and our Author's good 

friend and patron. 772 | 


The firſt of theſe Eflays ſnews the Theory of the 


apparent Place of the Stars (commonly called their 


Aberration) ariſing from the progreſſive Motion of 
Light, and of the Earth in its Orbit; with practical 


Rules for computing the ſame, communicated by Dr. 


Bevis. 
The 2d treats of the Motion of Bodies affected b 
projectile and centripetal Forces; in which the mo 


conſiderable Matters in the firſt Book of Newton's 


Principia are clearly inveſtigated. 

conciſe practical Rule. [F849 
The 4th treats of the Motion and Paths of Projec- 

tiles in reſiſting mediums ; determining the moſt im- 


The 3d is a Solution of Kepler's Problem, with a p 


portant particulars upon this head, in the 2d Book of 
| The. 


the Principia. 


of 


1 "2 


Times of vibration of pendulous Bodies in Mediums. 
Ile 6th contains a new Method of Solution of all 
Kinds of algebraical equations in numbers, more general 
than ever before given. 5 | 
The 5th is cancerning the Method of Increments, 
with examples, | 5 
The 8th is a conciſe Inveſtigation of a Theorem for - 
finding the Sum of a Series of Quantities, by Means of- 
their Diferetiots. a ugh £3; iy 
The gth is a general Way of inveſtigating the Sum 
of a recurring Series. 8 | 5 
The roth is a new and general Method for finding 
the Sum of any Series of Powers, whoſe Roots are in 
arithmetical Progreſſion; being alſo applicable to Series 
of other Kinds, + 3 3 
The 11th relates to angular Sections, with ſome 
remarkable Properties of the circle. 8 
The 12th ſhews an eaſy and expeditious Method of 
reducing a compound Fraction to ſimple ones. 
The 13th, or laſt, which contains a general Qua- 
drature of hyperbolical Curves, is a problem that had 
exerciſed the {kill of ſeveral eminent Mathematicians. . 


None of the ſolutions before publiſhed extended farther 


khan to particular caſes, except one, which is in the 
Philoſophical Tranſactions, without demonſtration, oy 
Mr. Klingenſtierna, profeſſor of mathematics at Upſal. 


This is inveſtigated by Mr. Simpſon in two different I 


ways; and the general conſtruction is rendered re- 
markably eaſy, ſimple, and fit for practice. And, on 
this head it would ſeem that Mr. Klingenſtierna was 
well pleaſed with what Mr. Simpſon had done; for 
being afterwards appointed ſecretary to the Royal 
Academy at Stockholm, as a mark of his eſteem, he 
procured a diploma, to be tranſmitted to him, by 
wn he was conſtituted a member of that learned 
Sur Author's next work was, The Dodtrine of 
Annuttie5 and Reverſions, deduced from general and evident 

| © —ſ Principles: 
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Principles : with uſeful Tables,” ſbewing the Values © 
Single and Join Ie Sc. in eu, 104 This #4 
followed, in 1743) by an Appendix, containing ſome 
* Remarks on a late Book on the ſame Subjeft (by Mr. Abr. 
De Moivre, F. R. S.) with Anſwers to ſome perfonal and 
malignant Repreſentations in the Preface thereof. To 
this anſwer Mr. De Moivre never thought fit to reply. 
A new edition of this work has lately been publiſhed, 
augmented with the tract upon the ſame ſubject that 
was printed in our Author's Select Exerciſes. 
In 1743 alſo was publiſhed his Mathematical Diſſer- 
tations on a Variety of Phyſical and een aro Subjefs, in 
4to; containing, among other particulars, $6; 
A. Demonſtration of the true Figure which the 
; Earth, or any Planet, mult acquire from its rotation 
about an Axis. A general Inveſtigation of the Attrac- © 
tion at the Surfaces of Bodies nearly ſpherical. ' A 
Determination of the Meridional Parts, and the 
Lengths of the ſeveral Degrees of the Meridian, ac- 
cording to the true Figure of the Earth. An Inveſti- 
gation of the Height of the Tides in the Ocean, A 
new Theory of e Refractions, with exact 
Tables Gedudel from the ſame. A new and very 
exact Method for approximating the Roots of Equa- 
tions in Numbers; which quintuples the number” of 
Places at each Operation. Leveral new Methods for 
the ſummation of Series. Some new and very uſeful 
Improvements in the Inverſe Method of Fluxions. 
The work being dedicated to MARTIN FoLkEs, Eſq. 
preſident of the Royal ny: GEL 
His next book was 4 Treatiſe of Algebra, wherein 
the fundamental Principles are demonſtrated, and applied to 
the ſolution of a Variety of Problems. To which he 
added, The Conſtruction of a great Number of Geometrical 
Problems, with the Method of reſolving them numerically. 
This work, which was deſigned for the uſe of young 
beginners, was inſcribed to 232 Jones, Eſq. 
F. R. S. and printed in 8 vo, 1745. And a new 
edition appeared in 1755, with additions and improve- 
A | ments ; 


Lad 


- 


LS - 


E ments; among which was a new and general Method 
| of reſolving all Biquadratic Equations, that are com- 
5 ' plete, or having all their terms. This edition was 
dedicatad to JaMEs EARL of Mok rom, F, R. S. 
1 Mr. Jonts being then dead. The work has gone | 
, through | ſeveral other editions ſince that time: the 

"oe 6th, or laſt, was in 1790. as 3 | 7 by pe I; . 

f HFlis next work was, Elements of Geometry, with their 

C 


lication to the Men ſuration of ces and Solids, to 


| the determination of Maxima and Minima, and to the Con- 
0 ftruftion of a great Variety of geometrical Problems: firſt 
publiſhed in 1747, in 8vo. ' And a ſecond edition of 
the ſame came out in 1760, with great alterations and 
additions, being in a manner a new work, deſigned for 


: | gung beginners, particularly for the gentlemen edu- 
5 ed at the Royal Military Academy at Woolwich, 
\ d dedicated to CHARLES FREDERICK, Eſq. Sur- 
A veyor General of the Ordnance. And other editions 

# have appeared ſince. PLC OE pi AL „ 

5 Mr. Simpſon met with ſome trouble and vexatio 

A in Fig uy of the firſt edition of his . 
+ Firſt, from ſome reflections made upon it, as to the 
y accuracy of certain parts of it, by Dr. Robert Simſon, 

4 the learned profeſſor of mathematicks in the Univerſity 
of of Glaſgow, in the notes ſubjoined to his edition of 
I Euclid's Elements. This brought an anſwer to thoſe 
x) remarks from Mr. Simpſon, in the notes added to the 
"4 _ 2d; edition as above; to ſome parts of which Dr. 
3 Simſon again replied in his notes on the next edition 
4 of the ſaid Elements of Euc lid. 

5 The ſecond was by an illiberal charge of having 0 
_ ſtolen his Elements from Mr. Muller, the profeſſor 


of fortification and artillery at the ſame academy at 
4 MMoolwich, where our Author was profeſſor of geometry 
| and mathematics. This charge was made at the end 
_ of the preface to Mr. Muller's Elements of Mathema- 


8 tics, in two volumes, printed in 1748, in theſe words: 
q- C7 06-98 8M b 2 n 7 There 
W | 2 GA; : n * | 

e | N 3 ; ö : E. 2 . 
8; A xegular liſt of the Author's Publications will be given 


at the end. 


1 


ec There has lately been publiſhed a. book under the 
e title of Elements of Plane Geometry, deſigned for 
e the Uſe of Schools, which is an incorrect Copy of 
<c the firſt eight Sections of this Werk, lent the pre- 
te tended Author upon a particular Occaſion, and 
« printed in a ſpurious manner, without my know- 
c ledge or conſent; an Action too ſcandalous for 
c any Man of honour to be guilty of. The Editor 
c“ imagined, I ſuppoſe, that the changing ſome pro- 
ic poſitions, and mangling the demonſtrations of others, 
« was a ſufficient Diſguiſe to make it paſs for his own 
« performance; but how far this will juſtify ſuch a 
< piece of pyracy, muſt be left. to the judgement of 
« the public. | A 
Io this extraordinary charge, Mr. Simpſon, in the 
preface to the 2d edition, replies, Were I to attempt 
eto deſcribe the ideas excited in my mind by the 
« ſingular modeſty of. this important and ſolemn 
4% appeal to the 2 I ſhould be at a loſs for. fit 
« words to expreſs them without tranſgreſſing the 
c bounds of decency. But I hope that I have not 
4 deſerved fo ill of the publick, to be thought capable 
4 of acting ſo very humble a part, as that of copying 
te from this author, and of mangling his demonſtra- 
& tions, in order to make them paſs for my own.—w 
4 That a manuſcript of his (containing between 20 
„ and 30 of the principal Theorems in Geometry, 
« extremely ill digeſted) came into my hands, is in- 
ce deed true; but it was not lent me, but forced upon 
e me, by himſelf (the very firſt night after my removal 
< to Woolwich) in virtue of an article in the original 
« rules and inſtructions for the Academy; whereby it 
« is ordered, that the ſecond maſter ſhall teach · geo- 
*« metry under the direction of the firſt maſter. | But 
« this well intended article, which has been made 
<« ſubſervient to the purpoſes of ignorant tyranny, 
« and daring calumny, has ſince, in conſequence of 
« a publick examination, been annulled by an expreſs = 
c order of the Maſter-General of the Ordnance, —lI - 
«< could mention ſome particulars, ſupported by good 
1 25 | | authority, 


. authority, that occurred in the courſe of that ex- 
„ amination, which would but ill agree with the im- 
, portance he aſſumes in his confident accuſations ; 
« but I do not think it worth while: This gentleman 
<. has, himſelf, by his different publications, ſo well 
« convinced the world of his abilities, as to tender 
« any farther comment on that head intirely unne- 
% ceſſary and ineffectual. And happy it was for the 
Academy that the Board of Ordnance relieved the 
Profeſſor of Mathematicks from any control of that 
of Fortificatiom, conſidering what ſort of profefiors 
have ſucceeded Mr. Muller, and probably may again; 
for whatever he might be in other reſpects, he was not 
altogether unacquainted with the mathematical. ſciences. 
In 1748 came out Mr. Simpſon's Trigonometry, Plane 
and Spherical, with the Conſtruction and Application of 
Logarithms, Bvo. This little book contains ſeveral 
things new and uſeful.  _ + 
In 1750 came out, in two volumes, 8vo, The 
Doctrine and Application of Fluxions, containing, beſides 
what is common on the Subject, a Number of new Im- 
provements in the Theory, and the Solution of 4 Variety of | 
new and very intereſting Problems in different Branches of 
the Mathematics. In the preface, the author offers this 
te the world as a new book, rather than a ſecond 
edition of that which was publiſhed'in 1737, in which 
he acknowledges, that, beſides errors of the preſs, 
there are ſeveral obſcurities and defects, for want of 
experience, and the many diſadvantages he then 
laboured under, in his firſt fally. | 
The idea and explanation here given of the firſt 
principles of Fluxions, are not elfenti ly different 
from what they are in his former treatiſe; though ex- 
preſſed in other terms. The conſideration of time in- 
troduced into the general definition, will, he ſays, 
perhaps be diſliked by thoſe who would have fluxions 
to be mere velocities: but the advantage of conſidering 
them otherwiſe, viz. not as the velocities themſelves, 
but as magnitudes they would uniformly generate in 


a given 


xX 


2 given time, appears to obviate any objection on 
that head. By taking fluxions as mere velocities, the 
imagination is conſined as it were to a point, and 
without proper care inſenſibly involved in mety phy ſical 
difficulties. But according to this other mode of ex- 
plaining the matter, leſs caution in the learner is 
neceſſary, and the higher orders of fluxions. are ren- 
dered much more eaſy and intelligible. Beſides, though 
Sir Iſaac Newton roo Shan fluxions to be the velocities 
of motions, yet he has recourſe to the increments or 
moments generated in equal particles of time, in order 
to determine thoſe velocities; which he afterwards 
teaches. to expound by finite magnitudes of other 
kinds. This work was dedicated to GEORGE EARL 
of MACCLESFIELD. be 
In 1752 appeared, in 8vo, the Select! Exerciſes for 
young Proficients in the Mathematics. This neat volume 
contains, A great Variety of algebraical Problems, 
with their Solutions. A ſelect Number of Geometrical 
Problems, with their Solutions, both algebraical and 
geometrical. The Theory of Gunnery, independant 
of the Conic Sections. A new and very. comprehen- 
five Method for finding the Roots of Equations in 
Numbers. A ſhort Account of the firſt Principles of 
Fluxions. Alſo the Valuation of Annuities for ſingle 
and joint Lives, with a Set of new Tables, far more 
extenſive than any extant. This laſt part was de- 
ſigned as a ſupplement to his Doctrine of Annuities and 
Reverſions ; but being thought too ſmall to be pub- 
liſhed alone, it was inſerted here at the end of the 
Select Exerciſes; from whence- however it has been 
removed in the laſt editions, and referred to its proper 
place, the end of the Annuities, as before mentioned. 
The examples that are given. to each problem in this 
laſt piece, are according to the London bills of mor- 
tality; but the ſolutions are general, and may be 
applied with equal facility and advantage to any other 
table of obſervations. The volume is dedicated to 


_ Joan Bacon, Eſq. F. R. 8. 
239 | Mr. 
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- Mr. Simpſon's Miſcellaneous Trafts, printed in to, 
1757, was his laſt legacy to the public: a moſt valuable 
bequeſt, whether we conſider the dignity and impor- 
tance of the ſubjects, or his ſublime and accurate 
manner of treating them. ” init 
The firſt of theſe papers is concerned in determining 
the Preceſſion of the Equinox, and the different Motions of 
the Earth's Axis, arifing from the Attraction of the” Sun 
and Moon. It was drawn up about the u_ 1752, in 
conſequence of another on the ſame ſubject, 'by* M. 
de Sylvabelle, a French gentleman. Though this 
gentleman had gone through one part of the ſubject 
with ſucceſs and perſpicuity, and his concluſions 
were perfectly conformable to Dr. Bradley's obferva- 
tions; it nevertheleſs appeared to Mr. Simpſon that 
he had greatly failed in a very material part, and that 
indeed the only very difficult one; that is, in the 
determination of the momentary alteration of the 
poſition of the earth's axis, caufed by the forces of 
the ſun and moon; of which forces, - the quantities, 
but not the effects, are truly inveſtigated. The ſecond 
paper contains the Inveſtigation of a very exact 
Method or Rule for finding the Place of a Planet in 
its Orbit, from a correction of Biſhop Ward's circular 
Huypotheſis, by Means of certain Equations applied to 
the Motion about the upper Focus of the Ellipſe. By 
this Method the Reſult, even in the Orbit of Mercury, 
may be found within a Second of the Truth, and that 
without repeating the Operation. The third ſhews the 
Manner of transferring the Motion of a Comet from a 
parabolic Orbit, to an elliptic one; being of great 
Uſe, when the obſerved Places of a (new) 'Comet 
are found to differ ſenſibly from thoſe computed on 
the Hypotheſis of a parabolic Orbit. The fourth is 
an Attempt to ſhew, from mathematical Principles, 
the Advantage ariſing from taking the Mean of a 
Number of. Obſervations, in practical Aſtronomy ; 
wherein the Odds that the Refult in this Way, is 
more exact than from one ſingle Obferyation, is 
evinced 
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evinced, and the Utility of the Method in Practice, 
clearly made appear. The fifth contains the Peter- 
mination of certain Fluents, and the Reſolution of 
ſome very uſeful Equations, in the kigher Orders of 
Fluxions, by Means of the Meaſures of Angles and 

Ratios, and the right and verſed Sines of civeular Ares 


Ihe 6th treats of the Reſolution of algebraical Equa- 
tions, by the Method of Surd-diviſors; in which the 


Grounds of that Method, as laid down by Sir Iſaac 
Newton, are inveſtigated and explained. The 7th ex- 
hibits the Inveſtigation of a general Rule for the Reſo- 
Iution of Iſoperimetrical Problems of all Orders, with 
ſome Examples of the Uſe and Application of the ſaid 
Rule. The 8th, or laſt part, comprehends the Reſo- 


lution of ſome general and very important Problems 


in Mechanics and Phyſical Aſtronomy; in which, 
among other Things, the principal Parts of the 3d 
and gth Sections of the firſt Book of Sir Iſaac Newton's 


Principia, are demonſtrated in a new and conciſe 


Manner. But what may perhaps beſt. recommend this 
excellent tract, is the application of the general equa- 
tions, thus derived, to the determination of the Lunar 
Orbit. 1 N | 

According to what Mr. Simpſon had intimated at 
the concluſion of his Doctrine of Fluxions, the greateſt 
part of this arduqus undertaking was drawn up in the 


| year 1750. About that time M. Clairaut, a very 


eminent mathematician of the French Academy, had 
ftarted an objection againſt Sir Iſaac Newton's - 
general law of gravitation, This was a motive to 


induce Mr. Simpſon (among ſome others) to endea- 


vour to diſcover whether the motion of the moon's 


apogee, on which that objection had its whole weight 
and foundation, could not be truly accounted for, 


without ſuppoſing a change in the received law of 
gravitation, from the inverſe ratio of the ſquares of 
the diſtances. The ſucceſs anſwered his hopes, and 
induced him to look farther into other parts of the 
theory of the moon's motion, than he had at firſt 
Dp . | intended: 
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intended: but before he had completed. his deſign, X 
M. Clajraut arrived in England, and made Mr. Simpfon 
a viſit; from whom he learnt, that he had a little 
before printed a piece on that ſubject, a copy of which 
Mr. Simpſon afterwards received as a preſent, and 
found in it the ſame things demonſtrated, to which 
he himſelf had directed his enquiry, beſides ſeveral 
others. | pe : i 
I be facility of the method Mr. Simpſon fell upon, 
and the extenſiveneſs of it, will in ſome meaſure appear 
from this, that it not only determines the motion of 

the apogee, in the ſame manner, and with the ſame 

eaſe, as the other equations, but utterly excludes all 

that dangerous kind of terms that had embarrafled the 

greateſt mathematicians, and would, after a great 

number of revolutions, entirely change the figure of 

the moon's orbit. From whence this important con- 

ſequence is derived, that the moon's meam motion, and 

the greateſt quantities of the ſeveral equations, will 

remain unchanged, unleſs diſturbed by the interven- 

tion of ſome oy or ac@dental cauſe. Theſe tracts 

are inſcribed to the EARL of MACCLESFIELD, Preſi- 

dent of the Royal Society. | FO 

Beſides the f ha which are the whole of the 
Tegular books or ati that were publiſhed by Mr, 

Simpſon, he wrote and compoſed ſeveral other papers 
and fugitive pieces, as follow. : . 

Several papers of his were read at the meetings of the 5 
Royal Society, and printed in their Tranſactions: N 
but as moſt, if not all of them, were afterwards in- 
ſerted, with alterations or additions, in his printed 
volumes, it is needleſs to take any farther notice of 
them here. 1 Ry 

He propoſed, and reſolved many queſtions in the 
Ladies Diaries, &c. ſometimes under his own name, 
as in the years 1735 and 1736; and ſometimes under 

feigned or fictitious names; ſuch as, it is thought, 
Hurlothrumbo, Kubernetes, Patrick O'Cavenah, Mar- 
maduke Hodgſon, Anthony Shallow, Eſq. and probably: 
ſeveral others; ſee the Diaries for the years 1735, 
jr 7h "i LES 1730, 
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1736, 42, 43, 53, 54. 7 6, 9 8, „and 60. 
3 Sim . — aſſo t 5 e * of the 
Diaries from the year 1754 till the year 1760, both 
Incluſive, during which time he raiſed that work to 
the greateſt degree of reſpect. He was ſucceeded in 
the editorſhip by Mr. Edw. Rollinſon. See my 
Diarian Miſcellany, vol. 3. d n not 10162) 
It has alſo been commonly ſuppoſed that he was 
the real editor of, or had *a, principal ſhare in, two 
other periodical works of a miſcellaneous mathematical 
nature; viz. the Mathematician, and Turner's Ma- 
thematical Exerciſes, two volumes, in 8yo, which 
came out in periodical numbers, .in the years 1750 
and 1751, &c. The latter of theſe ſeems eſpecially.to 
have 'been ſet on foot to afford a proper. place for 
expoſing the errors and abſurdities of Mr. Robert Heath, 
the then conductor of the Ladies Diary and the Palla- 
dium; and which controverſy between them ended in 
the diſgrace of Mr. Heath, and expulſion from his, office 
of editor to the Ladies Diary, and the ſubſtitution of 
Mr. Simpſon in his ſtead, in the year 1753 
In the year 1760, when the plans propoſed for 
erecting a new bridge at Blackfriars were in agitation, 
Mr. Simpſon, among other gentlemen, was conſulted. 
upon'the beſt form. for the arches, by the New-bridge 
Committee. Upon this occaſion he gave a preference 
to the ſemicircular form ; and, beſides his report to 
the Committee, ſome letters alfo appeared, by himſelf 
and others, on the ſame ſubject, in the public news» 
papers, particularly in the Daily Advertiſer, and in 
Lloyd's Evening Poſt. And the ſame were alſo col- 
lected in the Gentleman's Magazine for that year, 
page 143 and 144. 5 5 A 74 
It is probable that this reference to him, gave 
occafion to the turning his- thoughts more ſeriouſly 
to this ſubject, ſo as to form the deſign of compoſing 
a regular treatiſe upon it: for his family have often 
informed me that he laboured hard upon this work for 
ſome time before his death, and. was very anxious to 
have completed it, frequently remarking to them, _ 
| +. this: 


(ux ) | 


this work, when publiſhed, would procure him more 
credit than any of his. former publications. But he- 
lived not to put the finiſhing hand to it. Whatever 
| he wrote upon this ſubject, probably fell, together 


with all his other remaining papers, into the hands of 


Major Henry Watſon, of the Engineers, in the ſervice 
of the India Company, d all a large cheſt full 
of papers. This gentleman had been a pupil of Mr. 
Simpſon's, and had lodged in his houſe. After Mr. 
Simpſon's death, Mr. Watſon prevailed upon the 


widow to let him have the papers, promiſing either to 


give her a ſum of money for them, or elſe to print 


and publiſh them for her benefit. But nothing of the 


kind was ever done; this gentleman always declaring, 
| 5 1 g 


when urged on this point by myſelf and others, that 
no uſe could be made of any of the papers, owing.to 


the very imperfect ſtate in which he ſaid they were 
left. And yet he perſiſted in his refuſal to give them 


up again, 


From Mr. Simpſon's writings, 1 now return to 


himſelf. Through the intereſt and ſolicitations of the 
beforementioned William Jones, Eſq. he was, in 


1743, appointed profeſſor of mathematics, then vacant 
by the death of Mr. Derham, in the Royal Academy 
at Woolwich ; his warrant bearing date Auguſt 25th. 


And in 1745 he was admitted a fellow of the Royal 


Society, having been propoſed as a candidate by 
Martin Folkes, Eſq. Preſident, William Jones, Eſq. 
Mr. George Graham, and Mr. John Machin, Secretary ; 
all very eminent mathematicians. - The preſident and 
council, in conſideration of his very moderate circum- 
ſtances, were pleaſed to excuſe his admiſſion fees, and 
likewiſe his giving bond for the ſettled future payments. 
At the academy he exerted his faculties to the 


1 


utmoſt, in inſtructing the pupils who were the im- 


mediate objects of his duty, as well as others, whom 


the ſuperior officers: of the ordnance permitted to be 
boarded and lodged in his houſe In his manner of 


teaching he had a peculiar and happy addreſs; a 
certain dignity and perſpicuity, tempered I ſuch a 
C2 | 


degree 


( xx. ) 


degree of mildneſs, as engaged both the attention, 
eſteem and friendſhip of his ſcholars; of which” the 
good of the ſervice, as well as of the community, 
was a neceſſary conſequence. ee TARR 
It muſt be acknowledged however, that his mildneſs 
and eaſineſs of temper, united with a more inactive 
ſtate of mind, in the latter years of his life, rendered 
his ſervices leſs uſeful; and the ſame very eaſy diſpoſi- 
tion, with an innocent, wnſuſpeCting 1 and 
playfulneſs of mind, rendered him often the dupe of 
the little tricks of his pupils. Having diſcovered that 
he was fond of liſtening to little amuſing ſtories, they 
took care to furniſh themſelves with a ſtock ; fo that, 
having neglected to learn their leſſons perfect, they 
would get round him in a croud, and, inſtead of, de- 
monſtrating a propoſition, would amuſe him with 
ſome comical ſtory, at which he would laugh and 
ſhake very heartily, eſpecially if it were tinctured 
with ſomewhat of the ludicrous or ſmutty ; by which 
device they would contrive imperceptibly to wear 
out the hours allotted for inſtruction, and fo aveid 
the trouble of learning and repeating their leſſon. 
They tell alſo of various tricks that were practiſed 
upon him in conſequence of the loſs of his memory in 
a great degree, in the latter ſtage of his life. 

Indeed it may ſeem ſtrange that a tall, large, and 
ſeemingly ſtrong-bodied man (for ſuch was tlie ap- 
pearance and figure of Mr. Simpſon), ſhould at fifty. 
years old, without ſickneſs, have all his faculties quite 
worn out, and die of extreme old age. But, notwith- 
Randing his bulk and figure, he was really of no very 

ſtrong conſtitution of body, having originally been 
framed with weak nerves: beſides which, there were 
two other principal cauſes for his premature decay : 
the firſt of theſe was his very cloſe, and uninterrupted 
application to ſtudy, almoſt continually by night 
'and by day, which produced an excraordinary ex- 
hauſting of his ſpirits, without allowing him time to 
relieve and recruit them by proper air and exerciſe, 
and to enjoy the converſation of his friends: the 
Other was the want of proper nouriſhment, and the 
. | | cruelty 
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year of his age. 
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_ eruelty of a waſteful. wife and family, whoſe extrava- 


gance kept him always poor and drudging to ſupply 


their voracious demands, and withheld from him the | 


nouriſhment proper for his comfortable | exiſtence. 
Indeed the many ſtories I have been told, of her ill 


temper, and harbarous treatment of a man ſo gentle, 


mild and placid, as Mr. Simpſon was, are quite 
ſhocking, by which his very uſeſul and valuable life 


was doubtleſs ſhortened by many years: while ſhe was 


revelling with her family and goſſips in the parlour, he 
was baniſhgd to the garret, to toil at his book, with 


no other ſupper than the thin milk from which ſhe 


had ſkimmed the cream for her tea, and accompanied 


with an order that he ſhould not be ſeen below for 


the night. She would break open his cupboard to rob 
him of his cordial, and pick his pockets of the trifle 
he had ſaved to ſpend with his friends; and numberleſs 
other unnatural actions. | . ä 
It has been ſaid that Mr., Simpſon frequented low 
company, with whom he uſed to guzzle porter and 
gin: but it muſt be obſerved that the miſconduct of 
his family put it out of his power to keep the company 
of gentlemen, as well as to procure better liquor. 

In the latter ſtage of his exiſtence, when his life 


: was in danger, exerciſe and a proper regimen were 
preſcribed him, but to little purpoſe; for he ſunk 
gradually into. ſuch a lowneſs of ſpirits, as often in 


a manner deprived him of his mental faculties, ' and 
at laſt rendered him incapable of performing his duty, 
or even of reading the letters of his friends; and ſo 


trifling an accident as the dropping of a tea-cup would 


flurry him as much as if a houſe had tumbled down. 
The phyſicians adviſed his native air for his re- 

recovery; and in February, 1761, he ſet out, with 

much reluctance (believing he ſhould never return) 


for Boſworth, along with ſome relations. The journey 
fatigued him to ſuch a degree, that upon his arrival he 


betook himſelf to his chamber, where he grew con- 
tinually worſe and worſe, to the day of his death, 
which happened the x4th of May, in the fifty-firit 
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Upon this occaſion a reflection forces itſelf upon me, 
eoncerning the inſalubrity of the ſituation and reſi- 
dence of the profeſſor of mathematics at Woolwich, 
and the ſimilarity of its effects upon the whole ſuc- 

eſſion of r Mr. Simpſon, Mr. John Lodge 


5 = and myſelf, who every one of us, each after 


the ot 


r, entered upon our appointments at an early 


age, and with the beſt proſpects of health and long 
fe, that a vigorous conſtitution, founded by a virtuous 


education at a diſtance from the capital, could pro- 
mife. Yet, ſuch is the cloſeneſs of the profeſſor's 
apartments, and the almoſt impoſſibility of his taking 


proper air and exerciſe, joined to the natural ſedentary 


habits of a ſtudious profeflion, that it has uniformly . 
reduced us all in a ſimilar manner to the brink of the 
grave, and nearly in the fame ſpace of time. Mr. 
Simpfon was gradually reduced by it to a condition 
too low before he changed his ſituation, and ended his 
valuable labours after ſeventeen years reſidence, Mr. 
Cowley, after twelve years, was ſo reduced, as not 
to be able to reſide and perform his duty any longer; 
when, being ſuperannuated on a penfion, he retired 
to a ſituation of better air, and where he could eaſily 
have proper exerciſe; which preſently had the helt 
effect in reſtoring his health, and he is now, after 
almoft twenty. years, in as healthy and robuſt a con- 
dition as any man whatever, In like manner, ſuc- 
ceeding Mr. Cowley, I began my, career with a cloſe. 
application to ſtudy, to which I was induced both by _ 
inclination, and the want of company and exerciſe : 
but ſoon found an alteration in my health, which 
1 declined, till, at the end of thirteen years, 
was unable to continue my reſidence any longer, 
and obliged to retire to a more elevated fituation, at 
a ſmall diſtance, from whence, by walking always to 
the academy and back again, my health and ſtrength 
gradually improved; and as this experiment evinced 


the benefit of the change I had been compelled to 
make, his Grace the Maſter General of the ordnance, 


and the principal officers of that board, have been 
pleaſed to permit my reſidence in the like ſituation 
82 | ever 


(Call). 


vith the ſame manifeſt benefit to my health and 
activity. - ; | | BY ads bios 
tht return to our Author. At his death, Mr. 
Simpſon left in being, beſides his widow, her daughter 
and ſon by her firſt . huſband, and his own daughter 
and ſon, the Jatter of whom was born after his removal - 
to London. The two daughters had' married officers 
of artillery, and young . Simpſon had been preſented 
with a commiſhon in the ſame corps ; but all or moſt 
of them ſpending and ending their lives in a manner 
that might be expected from an education under ſuch. 
a mother : young Simpſon lived to have a company | 
in the Royal Aa but on 'account of a beſottes 
habit of drunkenneſs, and other miſconduct, he was 
broke; and ſeveral years after my ſettlement at Wool- 
wich, he was wandering about as a vagabond, and .a 
ſcandal to all that knew him : having not heard of 
him for ſeveral years, I ſuppoſe he has died a miſerable 
death. The daughters likewiſe are both dead. As to 
Mr. Simpſon's widow, the King, at the inſtances of 
Lord Viſcount Ligonier, - the then Maſter General, in 
conſideration of Mr. Simpſon's great merits, was gra- 
ciouſly pleaſed to. grant her a handſome penſion for 
life, together with apartments adjoining to the aca- 


demy ; a favour that had never been conferred on an 


before. Here ſhe lived, and her fon Swinkeld, the 
taylor, and his wife, along with her, in the ſame 
apartments, for many years after my ſettling at Waok- 
wich; and from one or other of whom I have at 
different times been informed of the particulars above 
related, with many others. She died only December 
the 14th, 1782, at the great age of one hundred and 
two. Her ſon Swinfield is ſtill living, and reſides in 
Woolwich, ſupported by a weekly allowance from 
ſome relations, who are in very genteel circumſtances; 
he 18 now about eighty-four years of age, and looks ſo 
well, that he may probably ſtill exiſt ſeveral years 


longer. | 


Royal Academy, Woolwich, : GEM. 
July 28, 1792. g / 
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The following BOOKS are all written by Mr. THOMAS 
SIMPSON, F. R. S. and printed for F. WINGRAVE, 
Succeſſor to Mr. NOURSE, in the STRAND. | 

1. The Elements of Geometry; with their Application 

to the Menſuration of Superfices and Solids; to the Deter- 

mination of the Maxima and Minima of Geometrical Quan- 
tities, and to the Conſtruction of a great Variety of Geome- 
trical Problems, 8vo, fourth edit. 58. uy | 
2. Trig-nometry, Plane and Spherical, with the Con- 
ſtruction and Application to Logarithms, third edit. 8vo, 18 6d, 
3. A Treatiſe of Algebra: wherein the fundamental 

Principles are fully and clearly demonſtrated, and applied to 

the Solution ot a great Variety of Problems, and to a Num- 

der ot other uſeful Enquiries, fixth edit. 8 -o, bs, _ 
4. The Doctrine and Application of Fluxions ; con- 

taining (beſides what is common an the Subject) a Number 

of new Improvements in the Theory, and the Solution of 

a Variety of new and very intereſting Problems in different 

Branches of the Mathematics, 2 vols, 8 vo, ſecond edit. 128. 
5. Select Exerciſes for young Proficients in the Mathe- 

matics, 8vo, new edit. 68. — £4 0 
6. Eſſays on ſeveral curious and uſeful Subjects in ſpecu- 

lative and mixed Mathematics ; in which the moſt difficult 

Problems of the Firſt and Second Books of Newton's Prin- 

cipia are explained, 4to, s. | ; 

7. Mathematical Diſſertations on a Variety of phyfical 

and analytical Subjects, 4to, 78. 1 

8. Miſcellaneous Tracts on ſome curious and very in- 

tereſting Subjects in Mechanics, Phyſical Aſtronomy, and 

fpeculative Mathematics, 4to, 7s. 5 
9. The Doctrine of Annuities and Reverſions, deduced 

from general and evident Principles; with uſeful Tables, 

ſhewing the Values of fingle and joint Lives, &c. ſecond 

edit. 8vo. 38. 8 
10. A Supplement to the above, which contains all the 

learned Author has written on this Subject, 8vo, new edit. 

28 60 3 EY 

11. The Nature and Laws of Chance, containing the 

Solutions of a great Number of abſtruſe and important 

Problems, after a new, general, and conſpicuous Manner; 

and illuſtrated with a great Variety of Examples, a new 


edit. 8vo. 38. 
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' QUESTION 2 


Vug Nudes % Wut, seh Bibs 7 Abt . 16 
added to the, Produtt, the Sun be 188? '. 


Let x 3 che rpquired number; 
then 2x will denote the double thereof: 
and ſo 2x+16=188, by the queſtion. | 
Therefore 2x=188—16=172, by tranſpoſition. 


| And 4 _ 286, by diviſion, 


QUESTION II. 


To 8 that Number, which being added to 56, the Treble 


of the required Number Hall be ene 0 | 


If xe put for the number ſou nt, 
tha 3x will be the treble —_ 


and therefore 3x=x+ 56, by the * | Fs 
Hence 2#=56, by tranſpo/ition, * ES hah 


And d ab, by diviſion. 5 Book | 
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. x—18 ICT be the __ parts, | 


2 ALGEBRAIC AL. PROBLEMS, 


QUESTION UL. 


The Sum of 155l. was raiſed (for a certain Purpoſe) by 
three different Perſons, A, B, and C; whereof B ad- 
vanced 151. more than A; and C, 200. more than gh 
How much did each contribute? | 


Let be the number of pounds advanced by 4 | 


Then x+15 is the number of pounds advanced 195 B, 


and x+35 the number of pounds advanced by C. 
Therefore 2x+50=155, by the queſtion. 
Whence 3x=105, 

and x=35. 

From which it alſo appears that B contributed got. and 


/ 


J. 


N n 


QUESTION IV. 


A Gentleman (by Will) left 00 to be divided among four 
Ser vants, A, B, C, and ; whereof B was tes. 
twice as ZW 5 as A; C as — as A and B; ** 

as much as C and B. How much had each: 9 


Let x» be the nutliber of A's' pounds. 15 
Then 2x is the number of B's pounds, 
alſo zx is the number of C's pounds; 


09 


and 5x the number of D's pounds: 


therefore 11x=550, by 188 : T 


And, conſequently, x=222= go. 


From which the reft of the ſhares are eaſily determined, 


QUESTION v. 


Tt is required to divide the Number 92 into * fach 8 
that the firſt may exceed the fend ” LO, the ann 7 18, 
and the fourth by 24. ne. 


Let x be the firſt part. 


RK — 10 


#—24. | 
And 


with their Sol. urioxs. 3 


And 4 52=92, by the queſtion. 
Hence 4x=144; > 
and — 


QUESTION VL. 


AM certain Sunl of 7 Mo 7 — = among five Perſons, 
A, B, C, D, and whereof B received 101. af 
than A; C 16ʃ. more * ow B; D 5. leſs than C; 
and E 1 51 more than D. Moreover it appeared that 

E received as much as both A and B. at was the 
whole Sum ſhared, and how much did each receive ? 


Let x be the ſhate'df A. 
X— 10 8 

| x+ 6 [will be 

Then 122 = 1s D, 
x+16 


therefore x + 16=2x— 10, by the queſtion, 
Whence 26=x. 


From which it appears that 26, 16, 32, 25 and 42 


(pounds) were the reſpective ſhares; and that the 
wane ſum was 1430 


QUESTION vn. 


To fd that Number, - whereof the Double increaſed by 
24, ſhall as much exceed: ws as the Nember 9 is 
below 100. 0 


let * be the An number. Eh 
Then 2x+24—80=100—x, by the retten. | 
Whence en, | 
that is 3#=156; _ . 


and nn. — — 5 = = 62. 
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then 75 - will be the leſſer 


therefore, after play, 


4 ALGEBRAICAL PROBLEMS, 


QUESTION vill. 


That two Numbers are thoſe, e the Diftrence 5 * 
7 and the Sum 33. 


Let x be the leſſer number, 
then-x+ 7 will be the greater, 


and 2x+7=33- „„ ö 
Therefore 2x= 233-7 =26, 5 : 


and — 213 the leſſer. 
Whonce 4 ＋ 7=20= the greater. 


QUESTION IX. 


Zo divide the Number 75 into two ſuch Parts, that 3 times 
the greater may exceed 7 times the "0 by 15. 
If x be the greater part, 


and 3#=75—#X7+15 | Tos the qylin; | 


that is, 3x#=525—7x+15; 
therefore 10x=540, and x=54- 


From whenes the leſſer part (7 5905 is 2 221. On 


QUESTION x. 


A, after winning 10 Guineas of B, had as much Money 
as B and 6 Guincas more; and betwixt them bath — 
- Ju forty Guineas, What Money had each at firſt ? 


Let be the guineas that A be Fi with; 
then 3 are the guineas that began with: 


A had, x +10 guineas; 
and B, 30—x guineas. 


Therefore 2x=206. 
And x x=1 3 


Whence x+10= 3 0 ih ri; 


QUESTION 


with: ter Sorwnrons, | 3 
Es TION XI. 


The Sum of esd was divided: „ Perſons, +” 


that the farft and ſecond, between them, had 280]; 
the firſt and third 2601; and the flint ond” s 
220/, How many Pounds had Each ? 


If * be this number of pounds the firſt had, 
28 «„«%'⅛iꝛVꝛ 
then the fa 3d 1 a. 8 
6 220 -&. : 
The ſum of bf which, KC 
being 760—2x, is =500, by the que ; 


Whence er On 2130. 


Therefore the PR ſhares were 1 20. 1 150, 1 30, and go 


pounds, reſpectively. 
- QUESTION . XII. 


"Tis propoſed to divide 60 into two ſuch parts, that the 


Difference between the Greater and 4, may be equal te. 
fwrce the Difference between the Leſſer and 38. 


If x be the reater part ; | 
then 60—x will be the leſſer : 5 : 
alſo 64—x will be the firſt mentioned difference, - 
and 338—60-+x, or x— —22, will be the ſecond. 


Therefore 64=x=2 x x—22, by the Row 
that is, 64—x=2x—44- | 
Whence 108=3x, and 36. 


QUESTION x1. 


4 Gallons had been drawn out of one of two, equal, | 
Hr and 80 Gallons out. of the other, there remained 
3; twice as much Liquor in the one as in the other. 
at did each Caſk contain when full? 


Let x be the number of gallons ſought ; . 
then x— 3+ will be what remained in the firſt caſk, 


and 
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and x—80, what ade in the ſecond, 


Or, x— 24=2x— 160. 
Therefore I 26; Dx. 


Hence x— 34 x x—80, by the en. E "4. 


QUESTION XIV. 


A be. 4 his Father how old he was, received the 
_ Following Anſwer, Your Age four Years ago, ſays the 
Father, was only 4 of mine, at that Time; but now your 
' Age is juſt Z of mine. cis Was the Age of each? 


Let x be the age of the fon, _ 
then 3x will be that of the father : 


allo x—4 will be the age of the ſon four years Ae 


the time in queſtion; and 3x—4 will be the correſ- 
ponding age of the father; which, by the queſtion, 
1s equal to 4 times x—4. Hence we have this equation 
. 16 2 3X4. 

erefore x=12, and 3 36; ; which. are the two 
ages required. | ON, 1 


QUESTION XV. 


N bat Maibwe 15 that, whoſe Z exreeds its 4 Part 3b 16 : 4 


Let x be the NE number; then, its 4 part 
being = — and its 4 part =, 7 TOY | 


we Wer” gs = by the e | 


Hence 4x— 34 12, 2 22 
that is, 4 2192. 
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QUESTION 


+ evithothtir Soros. 7 


1 Wrsriow xv. th 

22 . 2 

bn; 4 1 * Wow ye pier, ond half of" the al 

725 Gallons was M ine; and + Part 5 8 
Gele. How —_— GO _ there of each? 


8 >> OY 
7 N 25 > 


If x be Fed for the n ymber of ons inthe x 24" 


mixture, e gallons of wine wi be expreſſed by 
25, and thoſe of « cyder by - 75 5: which together 
being equal to the whole,” we — 5 


2 4492 
5 „ 


men have + ASt= 5 3... 43 
: 2 | fa 3 of * | N 
* * . a ye. 4 a 
or, r b 
2: 8 3 0 d _ . 7 1 7 +. 6.4 : | +3 i 


Hence I 120=b6x— r 5 


7 44+ . i 
N * — 


bf bro XVII. 


In a Lottery conf Ning of | 10000 Tickets; half the 
Number of Prizes added to I of the Number of lanks, 
as 35000. Ae a ine were there in * | 
N 25 | » 


If x be the . of prizes 80 SY 
then abe a will be the number of blanks, 
And ſo, T wa CH _ FOOO. 


Henee 3x + 200000 — ooo: 1 
and x=10000= the number ſought.” 71 0 199 


- 


' QUESTION 
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0 ESTION . VIII. 
To the Compoſt tion of a N Quantity of Gi unpowderg. | 


* 


2 of the whole Might + Npetre was refers, 
| Bo Sulphur uſed was + 2 whole = glb. and 2 
Charcoal 4 of the whols — 316. Heu many Pounds of 
each of the three Ingredients were there taken ? 


Let, * be the number of pounds in the whole : then 
| 2466, poungs of faltpetre. 7h * 


2011. 


= * pound of ſulphur. S onied- 


== pounds of charcoal. 


C4 2 
And therefore 55 5 15 rein. : 

| Whence 12x +8644 Gr —4B= a 881 8915 ; 
And conſequently n 25 he - 


Therefore there were when 181b, of bb ab. of 
ſulphur, and 3. of charcoal. _ 1 


| QUESTION | ix: 


| 4 _ after bovine loft a Battle, fond 1. be had 
only 2 is Army + 3600 left, fit for Action; 3 of 
Bis 4 en + hoo being wounded, and the Reſt which 
were L of the whole Army, either ſlain, taken Priſoners, * 
or miſſing. What was the whole Number 1 the am?! 


LY 


The number ſought being denoted by xy the} num- 
ber of men left unhurt will be * 3600. | 


And the number of the 3 2 T7600. 


To which adding, =, the number of the ain 10 
priſonets, we have the number of the whole army; 


% 


or 


an 


With their SOLUTIONS. 9 


or ©+3600+=+600+Z=x. 
2 8 "6 


Hence 4200 ( 1 95 
Therefore 168000 (=15x=8x) =7x: 


and 24000 =x. 
- QUESTION XX. 0 
A Prize of 2000l. was divided between two Perſons, A 


and B; whoſe Shares therein were in proportion as ) to 


9. What was the Share of Each? 


Let x denote the ſhare of A; 

then-2000—x, will be that of B. 

But x: 2000—x : : 7: 9, by the queſtion. 

From whence (as the rectangle of the two extremes, of 
any four proportional numbers, is equal to the rectangle 
of the two means) we get this equation, 1 
9 X X=2000—XX73; Fn] 

that is, 9x=14000= 7x. 

Hence 16x=14000, | 

and x=875. : ; 
Therefore the ſhare of A was 875. and that of B, 
I125/. 8 


QUESTION XXI. 


To divide 44 into two ſuch Parts, that the Greater in- 
creaſed by 5, may be to the Leſſer increaſed by 7, as 4 
is to 3. | 


If x be the greater part, 

| 44% will be the leſſer, 

and x+5:5I—x::4: 3, by the queſtion. 

Therefore (by multiplying extremes and means) we have 

3*+15=204—4x: | 

204—15 _ 189 =27. 
# | NI 

C : QUESTION 


Whence x= 
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QUESTION XXII. 


To find two Numbers in the proportion of 1 to 2; ſo that, | 


12 being added to Each, the Sums ſhall be in proportion 
as Gris to 7. ; g | 
Let x be the leſſer number; 

then 2x, will be the greater. 


Hence +12 : 2412: : 5 : 7, by the queſtion. 


Therefore 2x+12 x 5=x+12X7 ; 

that is 10x+60=7x+84 _ 

From which 3x=24 ; and x=8. | 
So that the two numbers are 8 and 16. 


QUESTION XXIII. 


A, at Play, firjſt won 5 Guineas of B, and had then as 
much Money as B; but B, upon winning back his own 
Money and 5 Guineas more, had 5 times as much Money 
as A. Fhat Money had each at firſt ? TR Z 
If x be the number of A's guineas, at firſt ; then it 

is plain, from the queſtion, that x 10 will be the 

number of B's guineas. | : | 

Whence x+10+5 {=x—5x5) 5-25, 

that is, 40=4x. 

Therefore x = 10= the number of A's guineas ; 

and ,+10=20= the number of B's guineas. 


oy QUESTION XXIV. 
A 1 with 5616. of fine Tea, at 20 Shillings a | 


Pound, would mix a coarſer Sort, of 14 Shillings, 


ſo as to afford the whole, together, at 18 Shullings 
per Pound. What Quantity of the latter Sort muſt he 
tate? 8 8 3 

Let x be the number of pounds required; 


then 1120 is the value of the fineſt ſort, 


d that of the coarſeſt. _ 
T a8 8 | Moreover, 


2 with their SOLUTIONS. 1 


\ 


Moreover, the number of pounds of both ſorts together 
being 56+x, it is evident 
that 56+xx 18, or 1008 + 18x, is thi value of the 
whols mixture. And therefore 
1120+14x=1008+18x. 
Whence 112=4x. . 
And conſequently 28=x. 


QUESTION xxv. 


A Farmer would mix Wheat, at 4 Shillings a Buſhel, with | 
Rye, at 25. 6d. a Buſhel; ſo that the whole Mixture 

may confift of go Buſhels, and be afforded at 3s. 2d. 

2 Bufhel. It is required to find how many Buſhels of. 
each Sort muſt be taken. | 


If the number of buſhels of wheat be Xs 
Thoſe of rye will be g0—x. 
Moreover, the value of the wheat will be 48, pence, 
and the value of the rye go—x x 30, pence. 
Whence 48x+90—x x 320=90 x 38 (by the queſtion.) 
that is, 48x+ 2700— 30 3420 * | 
therefore 18x—=720 : 


and conſequently a= ** | 


QUESTION XXVI. 


4 Workman was hired for 40 Days, at 35. 44. per Day, 
for every Day he worked ; but with this Condition, that 

. for every' Day he played, he was to forfeit 1s. qd: 

and it ſo happened, that, upon the whole, he had Jl. 36. 4d. 
to receive. The queſtion is, to find how many Days of 
the 40 he worked, and how many he played. 


Let * be the number of days he worked; 

then 40—x will be the number of days he played. 
Moreover, as he was to receive 40 pence, for every 
day he worked, and co forfeit 16 pence for every day 


he played, 
C2 we 
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we have 40x —the number of pence earned by work, 
and 40—x x 16=the number of pence forfeited by play: 
whence 40x—40—x x 16=760, by the queſtion 

that is, 40x 640 ＋ 16x 760: | 
therefore 56x=1400; 

and conſequently x =25. | 

From which it is evident that he worked. 25 9 and 
played 1 5 


| QUESTION XXVII. 


f Bill of 1cl. was paid in Guineas and Moidores, and 
the Number of Pieces uſed of both Sorts was Juft 100. 
How many were there of each ? 


If x be put for the number of guineas; 
then 100—x will be the number of moidores. 


And ſo, 21x ＋ IOO - 1 ; 
or, 21x+27 Ano mg by the queſtion, 
Hence 300=27x—21x= 


And conſequently & 300 250. : 


QUESTION XXVIII. 


One om 30 Pounds of Sugar, of two different Sorts, 
and paid for the whole 19 Shillings ; the beſt Sort coft 
xod per Pound, and the worſt . How many Pounds 
were there of each 2 


Let æ ſtand for the number of 3 of the beſt ſort, 
and then 30 will expreſs the pounds of the other ſort. 
Therefore x x 10+ 3Z0—xX 7 =19 x 4a, by the queſtion ; 
that is, 10x +210—7x=228. | 
Whence 3x=228—210=18, - 
and æ g. Therefore there were 6 pounds of the beſt 
ſort, and 24 of the worſt, 


QUESTION - 


with their SOLUTIONS. 31 
' QUESTION XXIX. 


A Lady gave a Guinea in Charity, among a Number of 
Poor, conſiſting of Men, Women, and Children: each 
Man had 124. each Woman 6d. and each Child 3d. 
Moreover there were twice as many Women as Meng 
wanting 2; and 3 timẽs as many Children as Women, 
wanting 4. Hou many Perſons were there relieved ? 


Let x be the number of the men; 
then 2x—2, will be the number of women, 
and 6x— 10, the number of children. 
Hence x x 12+2x—2 x 6+6x—10 x 3Z=21-X I2; 
that is, 12x+12x—12-+ 18x— 30 252, 
or, 42 2 294. 8 
Whence x= 7. | 
Therefore there were 7 men, 12 women, and 32 


children; in all 5x perſons. 
QUESTION XXX. 
27 find that Number, which being divided, either inte 


three or four equal Parts, the continual Product of all 
the Parts, in both Caſes, ſhall be exaftly the ſame. 


Let be the required number ; 3 | 
ſo ſhall the continual product of the three equal parts 


' 3 
be L ==; and that of the four equal 
3 3 30 
parts LANY. OLA. 4 
4.4 4 © 


W x - #3 - 2 . 
hence 77 by the queſtion 
Therefore 27x=256 ; and 592. | 


QUESTION 
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QUESTION XXXI. 


To find two Numbers, in the Proportion of 3 to 4, whoſe 
Sum is to the Sum of their Squares, as 7 to $0. 


Let 3x denote the leſſer number: 

then 4x will expreſs the greater. 5 
And we ſhall have 3x+4x : G ＋ 16* : : 7 : 50, 
or, )x: 25x* : 7 : bo, by the queſiton. | 
Therefore 25* x 7 = 7x x 50, 

or, 25 = Ox; 


whence 52 2. So that 6 and 8 are the two num- 


2 
bers that anſwer the queſtion. | 
QUESTION XXXII. E 


To find two Numbers in the Proportion of 9 to 7 ; ſ0 that 
the Square of their Sum, and the Cube of their Difference, 
hall be equal. | A 


If 9x be put for the greater number; 
then 7x will be the leſſer; | 
And ſo 16zÞ =2x}?, by the queſtion, - 
that is, 256 =8x3, . 5 


Hence = 32. : | 


Therefore 288 and 224, are the two numbers ſought. 
QUESTION XXXIII. 


To find two Numbers whoſe Difference is 4 and the Dif- 
; ' ference of their Squares 220. . 


Let x be the leſſer number; 

then x44, will be the greater: 

alſo xx will be the ſquare of the leſſer, 
and xx+8x+ 16 that of the greater. 
Whence 8x 16 = 120, by the queſtion. 
Therefore 8x—104: and #=13. ; 
So that 13 and 17 are the two numbers that were te 
be found, | | 


QUESTION 


— 


with their SoLuTIONs. 4 15 


QUESTION xxxlv. 


To divide 100 into two ſuch Parts, that the Di OY of 
their Squares may be 1000, 


If » be the greater part, | | 85 
I00—x, Will be the lefler. ; 
Therefore xx— 100—x|*=1000 ; 

that is, x*— 10000 + 200x—a* = I000. 

Whence 200x—=11000; - 
I 1000 


and conſequently æ 2555. 


e Os 


To divide 100 into two Parts, fo that the Square 0 FIOV 
Difference may exceed the Square of twice the leſſer Part 
by 2000. 


The leſſer part being denoted by x, 
the greater will be expreſſed by L00—x, 
and the difference by 100—2x. 
Therefore, by the problem, 100-2 =I +2000, 
that is, 10000 — — 40Ox + 4x = 4x3 + 2000, 
E or, 10000—2000=400x» 


Hence „ and 100 - x 80. 
400 


QUESTION XXXVI. 


5 A and B mate a * Stock of Fool. by which they gain 
1601. whereo or his Share, had Zal. more than 
B. MWhat 7 6 ea; Perſon bring into Stock? 


If x be the number of pounds advanced by A; 
then it will be, as 500 (the whole ſtock) is to 160 (the 


whole gain) ſo is & (the ſtock of A) to 2 the 

7 | | | | 500 

gain of A: whence the gain of B being 160 — : 
| | | | | bs | [4 ' 


: Wwe 
. 
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we have - 28 160 5 5 73 W the uit. ef! 
| Fan | N 
Therefore — 1 or —=6z. = + + 936507 268 BOS 


and r x=50 Xx b—300. 
QUESTION XXXVIL | 


A Sum of Maney was divided between two Per ge LA 
and B, ſo that the Share of A was to that of 
to 3, and exceeded 4 of the whole Sum by gol. "What 
was the Share of each Perſon ? 


Let 5x expreſs the ſhare of A, 
and 3x the ſhare of B; 
then 8x will be the whale ſum, 


and 27 will be 2 * 
Therefore — 250, by the queſtion. 


that is, S ops or x=90. 
Hence 450l. and 270). are the two ſhares required. 


QUESTION XXXVIIL 


A and B — . to play together with equal Sums of Mo 
A firſt won 20 Guineas, but a 1 l of Mano: . 
_ «& $ all he then had; and thereupon had only half 
Money as B. What Money did each begin + with? 


Let x be the number of guineas required: 
then A, after winning 20 guineas, had 4 420 the 


half of which, or —+ 10, is therefore what he had at 

laſt: and this deducted from 2x (the whole ſum betwixt 

both) leaves 2 2 102 what B had at laſt. L 
r : Therefore 


ene WE”: 


Therefore Lees, . 2 5 8 
whence "dnp bite 5 
dad ae = 


rsrio x **. 


A Gentleman his whole Eftat ane bs 21 
Sed, La FATE 800. 225 
4 


Zi 72 5 Youn N 5 Fraud ze | 
ldeff ; 0 the Sec 
| ia was the who Elm? ta bs nah er, 


Let x be the whole eſtate; their 
The Second Foe 
The third * | 
The fourth =+86. | 
Theſumofall which in) contquent,oqulto hb wa 
ors t- iS HT 
But it 1 18 plain Leichen redu8tion) wy 

tha 4pm 

4+ 4 

Henew our er becomes | 
5 roco o, or — 1000. | ; | 
Therefore the. whole eſtate was FOR whe the 


eldeſt ſon had 2200/. the ſecond 16201. - the third 
1100 nnn 1080. | 


D QUESTION 
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QUESTION: XL. 


One bein aſked his 4, bed; If ® o Ye be 
ele ks i, . 
te Amount will be 44 e 


I be the required number of year, 4 
then — X 3+ —= 2115, by , r 
that is, E. g SLRS 


Therefore 1 ei lag. . 0 . | . * 4 
or 23X=T5X 115. 5 
Conſequently a=-i——z 2 iz X5=15. 


1 


— — rr 
22 annet 5 n — 


—— - 


— r 


derer . 


Per ſen being _ the * of the Day, anſwered thus 
Ft of the Number of Hours remaining till Midni, 
plyed by 4, the Product will as much exceed 12 
— as Half the — Hour from Noon is below 
4- I bat was the Hour after Noon? 


| 1 Let x be the required hour; . | 

| then I2—x will be the hours till midnight, g 

"1 and L-Ex412=4—S, . . 

1 N 

. That is, -g. t 

-} and conſequently x=2. ; 
FE 4 ] 
5 7 

QUESTION | 


WY heir” Sorvrions. : 19 


_ arnsrION. XIII. 


4 A Fond be 75 a tata Number of ED 
at the Rate of 5 for e Pass; one half of whic 
SOT again at 2 4 Penny, and the remaining 


at 3 4 Penny; an cleared © oc FA 


Number of Eggs had fhe ? 
Let 2x be the number ſought; 
then, by the queſtion. 1 © x 
5:2: : 2x : © the number of pence the eggs coſt. | 


But the * of pence they were ſold for, * | 


is 2 75 thereforefore we have this . 


viz. © + En =4- =” oxen of 
From: wines 15x+1Or—24x=120, or æ 120. 


—— 


QUESTION XIIIII. „ 


4 Sum . out at Intereff, amounts, in 
8 Months, to 297 I 25. And, in is Months its 


Amount (computed according to ſimple Intereſt) is 061. 
What is that ny ? And what 2 Raw 2 


Let » be the and of pounds in the required ſum: 
then, the intereſt thereof for 8 months beiog 5756 — —_— 


and for 15 months 306 — *, we have, 

as 8: 15: 297,6 ; 306—x. | 

Whence, by TY extremes and means, 

we get 2448—8x=4464—15x- 5 8 

Therefore 72 2016, * 

and conſequently x=2887. the ſum 3 

For the rate of intereſt, it will be, 

as 2881. x 100l. x 12: : 191. (the intereſt of 288. 
for'r5 — to 5/. the required intereſt. of x00/. for , 
12 months, 


D 2 QUESTION 
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QUESTION A. 


, . he _ "back r where the 


: Stream i 25 _ as" in the 4 — 
him a full Hour and F *T is required, ta find, from 
hence, at what rate per 2 our, 5 tide runs in the 


Mddle where it is flrongeft. 
In the 2 it will be 3 
3:4 4: 5: Aang rowed per "Ke =. FR tide, 


6: . : 2 5 : 31 diſt. rowed per hour againft tide. 
If now the former of theſe two diſtances (63) be put , 


and the latter (31) ; and æ be aſſumed to expreſs 


the requized diſtance run, per. haur, by the iream in the 


middle of the river; then a- will be the rea effect 
of his rowing, per hour, in going from London, the 


motion of the tide being deducted; nd $+— will be 


the like effect in his return: 
and ſo, Gels, two quantities, being equal to e other 


we have- e 


e xIv. 


To divide * (a) into 3 fleb Parts, that 1 if the N 
4 of the pores. and. i the. Third, 9 C 


75 ot 


then is Fry of fond par fou u. $4 
And 


And fo E ſecond part. | 
. bee © ig e third l. Ne 
ab © therefore © (or 2x) = third pan. — 5 5 
5 e i 8 . 
f 3 | 
From which the ſecond part ( 
| apart be =; en the 
4 . QUESTION *I vl 
he 3 To vide the Nender go in 4 Ard Tan, has i te 
& Sh. fi be increaſed by 5, tht fact diminiſh by 4, the 
be e , e e ee by 4, - the 
be 80 Fan. in ach Co, Pl be andy the Je. BF 9 
5 N Let & be the fourth, or laſt; part: 5 25 
1 den, e eee 5 
the third part will be So 2 
Moreover, the oond part —4 — 1 2. | 
the ſecond part will 4: : 6 


A +." mid, the firſt Part +5 being == G 

tn " "hs part, alone, will be Z— 5. 
And, by adding all the parts thus found togerhery 
we W | 


2 \ — 
- — - - * * & a N — 
» 5 * 8 _ 
. = - 
„ R E.G. W * 
. 8 
bs : ; 
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/ 


8551 
* 
* 


that is, 2 - .— I==0gO. 3h Ad" 5 . : f 3 18 


Whence . and ., mn W 
| Therefore the four required __, are 10. 8 15 and. 
42 * hops apy LED 


QUESTION XLII. ; 


Ttvo Wis, A and B, were employed 2 For. 80 
Days, at 5 Shillings per Day, each; during which 
Time A, by ſpending only 5 _ a 24 EG! ** B, 
bad ſaved twice as much 2 efides the 6. 8 
2 Days over. What did each Perſon . 4 


Let æ be the pence A ſpent n 2 a 
then 60—x, will be what he faved per day, Se 
and 54, what B ſaved. 
Therefore 3000 — 50x are A's wha ſavings, | 
and 200 - 50 thoſe of B. . 
Hence 3000 — 50x=2 x2700—5Ox+2x 3 3 5 

or, 3000 — fo 5400 98. e 
From 1 48x=2400, and æ 80. 


QUESTION XLVI. 


Two Perſons, A and B, have Rs the fame n 5 
A lays by J of his; | but B, ng 601. per Ann. 
more than A, at the End Pe: arg finds himſelf 
tool. in debt. dn did teach  Feevipes, and | expend, 
per Annum ? a: 


Let & be the yearly income of esch; — 5 3 
chen is the ſum expended by A, e 8 


and £+60, that expended by R. 8 e pas . 


Therefore E+60-% is what B runs in oY 


Frey? rtr. 


| Conſequently © n +60=x X Z=100, 
er 


1 


ih thr saurer. 4 


7 ca 
: e 2 5 
125 e ni ee e 
N C - TAPE A. ad 21 43z7 
3 180 — SE, . 8 

W. e e eee 

Whence 900 e 5 R Os þ e 
d 33% 6. 84% ee er e 


Therefore A expended. 106, 1 andB 166. 13+ 46 
FOOD. 1 * 


n *. A £25 1 r 5 X 5 er 27 1 N 


4 Grazie holes in 45 — b of different 87. 
5 cet him 33“. 76. Gd. For . 47755 2 "which- 
were J of the "whole, be paid gs. 6d. a-piece';_ for the 


ſecond Sort, which. were I of. the. whole, he paid 114 
each; and for the reſt, 125. 64. each, . What Number 
of Sheep did be buy in all? NETS — 55 1 15 n 


If x be the whole number of ſneep : : 3 2 17 


then, the number of the firſt ſort being endet the. 


fond ſort £ 85 the number of the 8 fort (at 125. 


6d. each) muſt be 2757 SH * r 


5 * * 
whence, by the conditions o the problem, we have. 
7 10 K 7 X 25=1 33s 3 S l 1 * 3 a _ J 


x Y N Nai 
. 88 


+F—— ggg. -. » 


Let each term of this equation. be now v multiplies by-. 
12, and it will become 


that is, 2 225 


76x . Gar ] nh, 
or, 20716028. VVV 
eee . 8 


Ours rio 


2 
— 


44 - Ar.61 — Paontainy, 
QUESTION. - = Ser e 5 


4 8 of a Piece v Cloth, len + * 
per Tara 2 2 at 45: 422 Tr 
per Tard; 147 35. 6d. - per ll oy cher 
at 35. 44. a Yard: oa} aff its "the — | 

151. ad. How many Yards did the Pie lere conpdin Þ FE 


If the number ſought be denoted by . 4j 
r the r of yards in the remnant 
* ä abt neil 


Therefore * = 6 we have e 
eee e, Ee ae. 
„ te - -r, 5 


that i is 2. ie: : 


3 
whence a. ieren e 
. 0 ER 6 


QUESTION | Lt. 


4 Dj ler propo to mis Foreign Brandy, Landis A c 
Dif re Gallon, with Bruiſh Spirits 1 8 
Skill ings per Fane Fes ſuch. 2 wy he may 
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of 6 107 5. moet eckively, deducteu, the Remain 
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equation gives I89—1 Y=203. a. 
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4 Furmer 1. at one time, 30 Buſhils US Wheat and 
40 of Barley, and for the whole: received 1 10 
2 at another. time, he ſold 30 Buſbels of. me 
30 30 of Barley, at the Jane : Prices as before, and for the , 
whole received 171.-- The Quęſtion is, to find u 
each Sort of Grain was fold at per BAM , + :::+- 
Let x and y expreſs the numbers of ſhillings, reſpec--+ 

tively, that the wheat and barley were did at 1 
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Bufhel, would mix 2 7. per 975 and e 
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84 — 36 x28+ + orga 
Therefore 12y=b24z <P 4 bg 3 : 
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A B. —_— together 4 the ane Har, can; earn 


40 Shillings i in 6 Days; together. can earn: 


54 Shillings in q Days; e To. Shi 
15 8 22 2 uired to ons Log each Fafa 
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- QUESTION LX. 


To find PULL Numbers in the Nad of 4. 5 nie 15 ; 


whereof the Sum of all the —_ MY 4 Ve. 
Let x denote the ns number, FFF 
then it will be ::: * 225 the ſecond mn.” * 


And 7 I: Fo . the third number. 
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Hente __—_ 4D = 549, by he 22 
that is, a+ 4 | 549, „ } ; F 
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From which = IL = 36 X 9s 


and 63218. Therefore 18, 1 12 and 9. are the 
three required numbers. | 
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| | Otherwiſe. © 
By reducing the. given fractions 4, J, and 2, to iahe 


ſame denomination, they will appear to be in the pro- 
portion of 6, 4 and 3. If, therefore," the firſt of the 
three numbers fou . be denoted by bx, the. other 
two will be expreſſed by Ar, and 3 e Pe- 
2 ſo we ſhall have. . Ba 4-5 
6x*+16x* +9x* =549. | 
3 4 =; ane the numbers ES as . 
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Having given the Difference of two Numbers 67 and 
their Product 720; to find the Numbers. > 


Let the leſſer of them be denoted by x; then the 
greater will be x+6; and fo, by the n e 
we ſhall have xx+6x=720. 7 of 
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its root, may, ther 70 72 be extracted; and will be 
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duced.) Hence it is evident, that x+3=1/729=27 
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The Sum of two Numbers being given '=bo, aud the Sum | 
© of their Szuares 21872; fo find the 2 


Let x be. the greater of them; 


then bo=x will be the leſſer: 
and therefore x*+ 60; mr 21872 


or 22 43600 120 LT 872: 
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Whence, by compleating the — . 


we have æ&4ũ -rf =—b+=; 
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Wed; A, 1 130 * 


| that i 2 e . 5 * 
ax - απτ . £25 e 
Wienee ae | e e 5 988 
= | 
and, conſoquenty, a=) Was Ta 5 
| 4 2 © 
_ QUESTION LXIX. my 
The Sum of two Numbers being given | =20 (a); an 
the Sum of their Cubes 9 . Arts a 0 Ke. the 
Numbers. STE 161 11 . 1 
„I d dithe 1 il be the lf; 
and therefore 4 La J Te" TO 
that i 18, x3 +a? — za = : 0 8 wh | 
whence gar) eee Oo on gt 2 
and ar-. | s c TE ad - + 
| Fee by. compleating the ſquare, = as 
8 3 


er 2 ( . 


* 4/ 2 12 
and, by ae. root, x—==\ 


12. 
ee QUESTION 


$7 EIT SATs - 7 
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fr, 
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| 
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A . , e. Ds CEE e 
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ve _—_— . \ - x 9 — 
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: - 2 neee 
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— — r 


n 


Hence 


Wbence, putting 


we have bx=ca—cx; * tee . 
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' QUESTION LAX. Do 


D. id the Number a40 (a) into guis ſuch Parts cher 
en the greater Part divided by tbe 4 my be * - | 
wall Part divided by the (mn in the TOR 

14 10 75 ſer ꝙ m ie n). None 


* part be denoted by x, I 
—_ by a—x; and we tall have 8 . 


« * - 
k — X * 5 o A : — wt 4% 
i : „„ 5 17 
14 — . - 4 C , 
q g 
* * * 


r 


ax? LE ISS D WS, 
and Sa- A=; .: 4. Ss | a 12 


23624 


from which, by etradiing the ſquare x root, on both 


fades, * O 


3 N 


But, in the ls above propoſed, | 


r 1 222 2 77 * 20=140. I 


6 1 


1 | QUESTION . 


my 7 
_ QUESTION LXXI. 


Tivo nba, A B. were en 
_ 4 went Rates; A at the end e d ceriain 
ays, ha 8 lings to rective; but B, who played 
of * thoſe. Days, recerued only 7% Shillings - . had 
B worked' the 4vhole Time, and A played. 6. Days, they 
uud haue received exaftly. alike... OY is propoſed go find 
' the Number Y wo ety were 2e ; e et deb 
had a a 
2 5 FL ed nd 


Let » be the number of aays th 45 A worked % e 
then 4 6 will be the days that B worked. — 


uiii their SOLUTIONS. 2 39 
" OS 


7 2 


- 

e 5 will be the nge ol A __ tay; / j* 

| 0 ben 

hand the wages of B per day. e 12 
Fa Vr 77 ; 


Therefore = x x, is what B would have © earned, | bad 

he worked the whole time: 5 E. En 211851 

12 N b, what A would haye earned had he played 
6 FO, Which two values being _ bye the queſtion 

ve have SE = LC port 40% * 

3 by reduGion, „ 8 Xe 

or, h therefore, oy extraQting the ſquare 


I 


LE - 


root on both ſides, Umx—6; and conſequently. x=24. 


From which it is evident that A had 4 wan and 
Bz ſhillings, a day. 


QUESTION 


„ by the. | 
oged by =—IY 


ArLGESBAICAL Paronr gots, 
QUESTION | LAID. 2 2 . 


Sen- Places, er the Diſtance.» ma 
| babe ms A and B, ſet out, at Face 
to meet each other; A travelled” r Mites a oY 
more than B; and the Number of Dain which ey 
met was equal % Half the Number of B went in 
4 Day. n each travelled © 
w meet the other." 
* —— by the 2880 of days! in which they met ; 
n, by the | 2x. Bl] 
— hog 12 + Ju be the number of wi i; 
went a day. 
Therefore, by multiplying each of theſe by- (a) the 
number of days, we have 2xx, and 1 for 
the whole number of miles travelled by B and Ay 
| reſpectively: 
5 ind conſequently 4xx+b+=a. 


Hence her 1 


> * 


> IY" 
be. —— A 
- — * 4 


[3 

= 
3 

= 

t 

i 

: 

+ 


i Py 


+ 6. 8 oY „ 


2 . ba 
Therefore 2xx=1 28 the 3 FORTE by B; and. 
2xx+6x=192= thoſe trayelled by A. 8 6 


QUESTION - XXI. 


Tes Meſſengers, A and B, were di :ſparched at the 
Time, to a Place, at the Diſtance of go ( wes 3 
the former of whom, by riding one Mile an Hour more 
than the other, arrived at the end of his Fourney 
ene Hour before him. The Queſtion is, 10 — nr what 
Rate each travelled per Hour. 


If x be the miles that A rode per 8 ; 
then x—1 will be the miles which B rode per hour: -. 


r 5 will be the number of hours in which A 


* * 
TE | performed 


or rg. 


Therefore Ed pk (by completing the re 87 


N 4 


and l N. ot Toi a s 


2 4 oth N 23 — — 


a _. QUESTION. LXXIIV. E yo 0 Ar 


, To. 6 two Numbers, ſo that their. Sum — N 2 
Irtater, may produce 100 times the Leſſer, and bring 
multiplied by the io may. Produce LY times the 


Greater. 3 | oy 
Let x denote the greater number, and, 17 RY ii. . 
Then 27 N Oe 5 


And x+yxy=6b4x. + 
Now, the firſt of theſe equations ITE eee * 
and- the ſecond by, x, they become both ali ke: 
and ſo we have 100 :; 
therefore, by taking the ſquace root, 169=Bx, - 


and conſequently n. which value 2 in 


* * 
1H bu $4. 


the ſecond equation, gives eee, =D 
S 
| Whence hee, and das 


6% 4. > £ ES 
. 


QUESTION 


Eos =o 
— 


n — 


— 


— 4 =. 
— © x, ES 


o N Ls 


4 Wis. AT 


T4 
pb 
if 
[ 
i 
tn 
i 
in 
it 
14 
i 4 


«„ —————————ů—·—— 
=p? — r r 


\ 


4a nne 


QUESTION: LXXV. V 


N 


* b Hee 0 A eG Rs 


divided by the Sum 0 each two of them, may r. 
given Numbers ; or (which is the ſame 7 Bing) to 
mine the n * 


ene ues Gr ern 
. 5 ELL — 2 . py e 
—— — . — * N FF 
N 4412 5 r 3 


Fir, "by multiplication, 
æyx = 200x 2001 50x +1 Sor Lach f l: 
therefore, by reduction, ä 
n or [ xo. 
200x+ 80y=120z gx +2y=35 Tara 
Hence x+4y=5x+2y, and therefore y=24% * 
which, ſubſtituted in 35 T 4h. gives 32 - 
and æ = 


And, by fu Aabtituting | for both y and 2, inthe equation 


XYZ XX 2x X 
——=200, we get - — ce. 200 ; | 
x+y Fw 9 14 


that is, a2 200. 5 
* = 10, 3=20, and a 


- QUESTION LXXVI. 


2˙ fd the Ratio of ewo N. 8 whoſe Rani 5 
equal to the Square of their Di ference. Si 2 


Let the leſſer number be to the greater as 1 is tox; 
then, if the ſaid leſſer number be denoted by , the 
greater will be expreſſed by xz, and we ſhall have 
XZ K A -l, or x2*—x*25—2x2*+2* (by the que, 
tion ). Whence, dividing the whole I 22, _ re- 
ſults x=x*—2x+1. . 

Therefore x*— 2x=—1 ; | ky te 


and d conſequently 1 vs. =2. 618 c. - 
Hence 


q 2 * 
— 


Hence the ratio af any two numbers, whoſe rectan le 
is equal to the ſquare of their 5 _—_ as 


* 


1 of 2.618) 1 9 5 , 3 4 | 


„ 


Orsriow XXVII. 


25 find two Numbers, whoſe Product i is 300 ( a); 5 Nr, 
710 (b) be added te the Leffer, 8 (e) ſubtrated 
from the Greater, the Product of the Sum and R 
Wall, alſo, be equal to 300 (a). | 
Let the greater number be denoted by æ, and the 


leſſer by y; 


then will } — £4. — eur. AJ 
c 7s =a 9 

By the laſt of which zy+bx—cy—cb=4. 

From whence, the firit equation bing ſubtrafted, there 

reſts bx cy ch O: 


therefore 92 2 and 42 which ddt 


in the firſt equation, gives —_ 


From which we have 1 be 


* 


| QUESTION LXXVII. 


T as. 100 into two ſuch Parts, that their Difirence 


may be to their Sum, as their Rectangle to wy Difference 
of their Squares, ; 10 8 


Let à repreſent half the given nu 65 Rh and x half 


the difference of its two parts; then, the "wn of 
G 2 thein 


ub their, SOLUTIONS: - 43 


and, by compleating the _ rebel _—_ 


% o P 
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„ I Lak +4, 1.2 
28 bs p 
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f f 4 
5 3 - on 
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them being heath | by a+, and the lefler hey 
it will be 2x: 2a: : TxxA A: ++. a Jo; 


hat is, by reduQtion, ﬆ : ar have | 1 


hence 4ax* d x Aa- xx, : | OT” 
or A, ; F oh rm > "SS. So» 


md bebe Emmngh. 
So that, the . part is 72,36 ; = the lf 27.64 


' QUESTION. ILXXIX. 


To divide the Number 60 (a) into two fuch Parts, that 
their Product may be to the Sum of their e ix 
the Ratio of 2 (m) to 5 (n). 


Let æ be the greater part ; 


then, 'the leſſer part will be my | 


the product ar -x, 


| and" the ſum of the ſquares a*—20x +2, 


Therefore m: n : : ax—xx: M —2ax+2x*; 


and fo, 2mz*— 2mar+ma® =nax—nx*. 


Whence, > zm Tu] — 2Max — Nax= -n 
that is, 2m+nxa*—2m+#Xax=—ma* ; 


5 2m+#* i 
There; aa as . 2 — 2 
A art g= 4 © IE n+2am? 
— / n—2m 42 
5 N x+2m 2 | : 
| ' QUESTION LXXX. 


Te find two Numbers whoſe Produ#? ſhall be (0). | 
the Difference of their Cubes to the Cube F ther DR 2 * 
Ferenre, as 61 (n) is to Unity. 

: Let x be the greater number, _ FE 

then will ya, 

and x3 —y? 4 27m: 1, by the queſtion, 


** 


* F 2 2 
v - 
Which 


en ken Swans . 


avolving x— ** 3 Vn vn? 


Which, 'b op vid 

becomes. x*.- — 5 * OS 2.8924 

From whenge (by debe anche. from 
their antecedents) + n INN 

we get 3 5 3x77 : -er 72 —1 * 1 

er, which is the ſame, 3æy x -: S:; ene 

Whence, _ E 

we have 379; b =: 1 
or, 3a: pr 18 ; 1 1: 1 (ene. 9=s). 


; 7? * 72 


- Hop 
ry 
E [3 


— lieh 8 oy a 


121 Davy 


Then from the: heard ge and x—y=b, dhe 
value of x will be found . | an 


that e 16, vid. Prob. bg whe Bus 


The ſome audi. Wd eds 


Let & denote the half fam, ad x the Wee 
of the two numbers; then the greater will be ex 
by z+x, and the lefler by z; and we ſhall therefore 


x TXT ' 
have 12 +x n · Ie rn. 
that is + She = : 
The laſt of which, divided by 2x, | 
res 32* T A 

m whence, the treble of the firſt being deducted, 

we have ave 4 = 34 and conſequently 22 

— 

44 

Hence = (= Ve 2 183 4 1 
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and 2z-x=—16; which are the two numbers that wore 
ana JE . —_ — 4s (> 


: 


2 pi 5 LIM. 


8 for « gr Bury of 
Wheat, and an equal Sum, at 4 Price lefs by #5, 64 
a « Buſhe, for a Quantity of Barley, which exceeded 

that of the hen ROI Oy: ORs 
were there of each ? | 


Put a=the total * of each ſort of grain, 
b=the difference of the quantities, 

| e the difference of the prices per per buſhel, 

and x—the number of buſhels of the Wheat. 

Then, dividing the whole price by the number of 


buſhels, we have — for the price of the wheat per 
buſhel : «ad in te few manner, "NEAT 
* will appear to be —— r 5 


Therefore 22 Se, by the _ 
Whence (by reduction) prom es ; 


. 


buſhels of wheat ; + x+ —_— the number of 


buſhels of barley. 


; QUESTION 


217 2214 


7 mon en. 3 


4 . BH 25 | 
ly ay co 1 22 2 than the .other z 
fo that, K be, i 66 SBillings ; whereas 
the coarſeſt, "wh . ft by 10 Tad, 
. him, only, way Fans 

ihe of each has? l ALE 


i 243) Fr 22, E 7 in N. Of « 


Let x be the .ammbar of yanks of the kneft, - 

and y, the number of ſhillings'a vad. 

then er will be the Tengyh.« of the „ 

and y—4, its price per yard. 251 *e@s V e RC 

Hence 2 % Ts, the nein., 
{x+10 xy—4=320 | | 

By the laſt aut 9 ＋ 1 5 

from whence deducting Dan : | OM 

we have 1 - =D. + . N 93m 4 


| Therefore 109=4x ny =," Wen, deug ſub 
ſtituted in the Att es we I 180 
Whence x comes out =4//g00= 230. N 

© QUESTION xxx RY 


There are two Numbers, whoſe. b 45 
Difference of their , 2h. and the Sum 
© uares is alſo equal lo the A de of their Cubes. 

22 * 55 2 


Let x denote the leſſer number, and let the greater 1 
in proportion thereto as y is to unity ; or, which is the 
ſame thing, let the greater number = denoted by . 


"Then f 2 i J the problem. 


x +x* =x3y? i 
| nn 5 
TAE TIA 13 by divif on. 


From 


. — 
2 — — N 
* — 8 W : 4 SY 
: . * 
—— 2 ——— 
- 1 1 2 "= 
\ 
-_ — —  < — * 2 5 5 
\ 


TW 4 | 
? p 
417.4 t 
ne 4 
9 
{ 1 
* fl | 
3 1 
149 
11 
68 
#; x 
i Y 8 


E ſame 


— — 


whence = _ conlequeatty 15 „2 +97, 
Hs, . the enn tics, e (be 


Yi " Ry 


(by "NA both. * . and — 
by An ==. | Therefore the, two quantities 


21991 7 


"2-2 


Grin kx. 


A fr au from Londen for Terk, as al. „ Naw as 5 
Jett out from York for London ; and the Rate at which 
they travel is fuch, that A, 9 Hours after their meeting 
= at York, and B at London, in 16 Hours after. 
The Dneftion is, to 12 in OE: Time each Traveller 


8 his Journey, 


Let x denote the number of . 70a each 
before the time of 5 1 meeting on the road. 


Then, ſince A the 7 t of the ion 
goes over · the . grounding 2 8 y | 
travelled i in 4 Mats we haye, fore, as a: K: 4 


=, the time wherein B travels a diſtance equal to 


; that gone over by A, in x hours: but /by the latter 


gore of the 2 B, in x6 /) hours, travels the 
ance as A in 4 hours. Hence it is 


evident that Z and 6 are equal to each other: 


ad conſequently that bla. . 
Therefore 


vz Bir Sei vr 2 


= 


» 5 


Therefore A performs the j — in 21 x bour, ad 40 
in 28 e = 


* 


obESTIOx D 


1 gol. Was vided between * Perfons ; 12 


| 0 7 4. were in Geometrical Proportion, and the 
greateſt ft of them exceeded the * 9 30. What were 
all the ſeveral Shares ? 


Af x be put for the leaſt of chen then ala 8 © 
will be x4+50; the ſum of which two, ſubtracted m 
(190) the whole, leaves 140—2x for the mean ſhare. 
Therefore, x : 140 — —2x: "OS = dl and by the 
queſtion. 
And conſequently 140—2x]=xXx+50; 
that is, 19600 — 1 SOæ. 
Whence 3x*—610x=—19600, 


and — 5 19000 


Hence, by eee the ſquare, b 
* SEED 93025. (== 196 4 93025 24985 | 


_ OBS. ell {44 
and, ad extending the root, RE 35 
3 | 
7 1; 4: SM 
c Therefore 2.5 40: and ſo the other two 


hays are bo and 90 pounds. 
© QUESTION LXXXVI. 
N. wo Notes, one of 120l. payable in 6 Months, and the 
for gl. 10s, 2 Rate 77 het were they di ** 


counted at * 


Loet x PRE. ©: the inen of one ond for I2 months. En 


Then the amount of 11. in 6 months being I += and, 
any | H | : in 


other 0 4 150l. er in ꝙ Months, were diſcounted 4 
1 


AN” 
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m 9 months 1+E the preſent alis of the bill, e. 
at the end of 6 months, will therefore be - r : an 
that of the bill, due at the end of 9 —__w 


E 


| Whence, we have = 1 1715 1 150 — 8.5) 
| 2261, (by the queſtion.) 
Which, by regents, becomes ae gere 


2267, * T1; 
MITE X + 2 — 


or, 270+ 165x= 


8 
Therefore . N =3x*+10x+8, 
I, 
that 1s, 701 87 5 =3x* ＋ fox T8, 
From which we have ” 
* 2590 — X X == 


3X 52 X $23 
Whence, by compleating the ſquare, &c, 


x is found PV 136 4 5 28 
889.560 1560 | 
/ 136 x — = . 94 = o, oog. Which 
multiplied by. A gives 5,093/. or 5. 15. 103d. 
1C 


nearly, for the rate 25 cent. at which the notes were 
diſcounted. 2 


QUESTION 


"Gf Seto rin J 


A and B take; in Trade, 5940l. per Annum, each; bite 
Az: whoſe Profits are 2 per Cent. greater than 750 ſe. of 
B, clears 100. per Atinum more than B. What are 

te Profits of each, per Cent? Aud what 7 they clear 

per Annum? | 


Let c 100 (pounds), 
b (=5940) =the whole ſum taken by ack 
d (=100).) =the given difference of their 2254 i 
what A gains per cent. 5 
x—a (=x—2) what B gains per cent. 
Now, ſince A, in taking c+x pounds, gains x pounds, | 


it will be cx: Xx :: b: _ the whole gain of FA: 


and, in the ſame manner, we have, 


1 inves, the whole gain of B: 


therefore — — . Sd, by the ROE: | 


rx -a: x=a: 


Hence abc x 4-2cx -A ac cc xd; 


and conſequently x* +2c—a x x == +ac cc. 
| Whence, by compleating the ſquare, 


AFT AN 2 une 7 
and therefore æ e 0. f 7 


4 
From which it appears that A gained 10 per cent. and | 
cleared 540/. per annum; and that B gained 8 ne cent. 
and cleared 440/. per annum. 8 


H 2 QUESTION i 


| and conſequently x=————— 


52 Atcenrarcat PROBLEMS, 


QUESTION LXXXVIN. 


| Of four Numbers in | Geometrical Progreſſion, there is 


grven the Sum of the two leaſt =20 (a) and the Sum of 
the two greateſt =45, (b); to find the Numbers. 


| Let x denote the firſt number, and y the third ; 
then the ſecond being expreſſed by a -&, and the fourth 
by 5-9, the four terms of the progreſhon, placed i in 
order, will ſtand thus, x, a—x, y, By. 
Whence, by the nature of proportionals, 
x * -g αe= N), 
ga- x. 


From the firſt of which equations is * : and, by 
a 


we have 


ſubſtituting 3 in the ſecond, we have 2.— 
Whence, by extracting the fquare root on both ſides, 


ny 
* 


Therefore 8, 12, 18, and 27, are the four numbers 


that were to be found. 


QUESTION LXXXIX. 
* Sum —4 700l. (a) was Aude among four Perſons, 


and D; . whoſe Shares were in Geometrical 
5 — and the Difference between the greateſt and 
| leaft, was to the Difference between the two Means, as 
37 (m) 012 (ny). What were all the ſeveral Shares? 


Let the ſhare of A, or the firſt term of the progreſ- 
ſion, be denoted by æ, and let the common ratio be 
that of x to . 


Then 


+ with 1helr Slum 33 


Then & TT T 10 i dt r. 2 oO 4, 
and 11 oy We 5 i UL the queſtion, . TEL; 
From which 8 we wig OM 


93 =1 ==1 i or +15+1=2 1 N the 


whole 71. 3 
bn y is 851 mnt VESTS 3 
2 23 Sa Me. 


Sy Whe 5 Foo 
1 ence x * (= | 558 7) is given 


27 * 700 EI 
. 2108. Therefore the four ſhares are 
27+30+48+64 M 
oo 144, 192, and 2561. e 


QUESTION XC. 


V four N * in Arithmetical Progreſſ on, the Sum of 
the Squares of the two Means is given Soo (a); and 
the Sum of the Nane of the two —.— =404 6 )- 


To determine the Numbers. 


If x be put for the leſſer extreme, and: y for this 
common difference; then the four numbers will be 
expreſſed by, 

* x+), x ＋ and x+3y reſpectively; Pi” we 


ſhall therefore have 4 *t/ Ta or 


2 +6 Tb J 4 
+ ox 2 N 5 

| 22% +6 ba 55 Ar by the queſtion. | 141 0 | 
Whence, by ſubtraction, 4y* =b—a: | £ 


b—a 


and therefore y= = 4. 
2 


But, by the firſt equation, x*+ 3ry = N 


from which ( looking upon y as known) 0 get 


Therefore 


pt | 34 AleEBZIAIc AL PhoBLEms, 


that were to be found; | 
1 QUESTION XCL 
| | The Sim of four Numbers, in Arithmetical | Progreſſion; 
being given 56 (b), and the Sum of their Squares = 
864 (c); to find the Numbers. | | 


* 3 Therefore 8, 12, 16, and 20, are the four numbers | 


f 

' 

| If half the ſum of the two middle numbers he denoted 

| - by a, and half their difference by x, the numbers. 
themſelves will be expreſſed by a—x, and a+x: and 

| we ſhall have Figs 


| = a—3x+a—x+a+x+a+3x=b | 5 the nature of 
| _ Coa-pP+Hans*+abxP +a Zl e the queſtion. 


Hence, by reduction, 4a—b, and 4a ＋ 20 . 


| | PE” 
| Therefore a=Z=1s; and x=\ ———=z 


From.which the numbers themſelves are given ; being 
E -... 8, 12, 16 and 20. | | A 
By the ſame way of proceeding the problem may be 
reſolved, when the progreſſion is ſuppoſed to conſiſt 
of 6, 8, 10, or any other, even, number (u) of terms. 


For the ſum of the ſquares of the two means (a—x, 
and a+x) being =2xaa+xx; and the ſum of the 
ſquares of the two terms (a—3x and a+3x) next ad- 


Jacent to them =2xaa+9gxx; alſo the ſum of the 
ſquares of the two terms (a—5x and a+5x) next 


adjacent to theſe laſt being =2 x aa +25xx, &c, c. 
it follows that : „55 | 

2X aa +x+2 X aa + qr 2 X aa + 25*x + &c. =0: 

Which equation, by putting 149+25+36+ He. 

| (continued to = terms) , is reduced to naa . 2 r 


x=Co 


e 5. 
— from which, as 2 is W 
== the value of x will a be known. | 9265 

A 


* QUESTION XCII. 


Heoing the Sum (b) and the Sum of the 3 ( c) f 
five Numbers, in Arithmetical Progreffion to determine 
the Progreſſion, 

Let a denote the middle Sk, and x "the common 
difference; then the five terms of the progreſſion 
will be, a—2x, a—x, a, a+x, and ax; whence we 
have 5a=b, and 5aa+10xx=c, by the conditions of 


the queſtion. Foes which a is found =, and x ( 


After che * anne the ban may be invelligated, | 
when any odd number (n) of terms is propounded: 
for the ſum of the ſquares of the 2 terms (ax and 
a) adjacent to the middle one being x aa+xx; 
and that of the two terms (a—2x and a+2x) next 


to theſe +2 x aa+4xx, &c. &c. it is evident there- | 


| fore that 


aa+2 Per 2 x aa þ 4Xx+2 X aa + 9xx+ Wc. = 6; 
Which . by putting 14 419 7 16 Cc. 


(o terms) =f, becomes . 


— na 
— * ; from which, as a is given = = 


„ all the terms ben the progreſſion wall be known. | ; 


57 a like proceſs, if, inſtead of the ſum of the ſquares, 
the ſum of the cubes, or biquadrates, be given, the 
problem may be reſolved, - 

Do | QUESTION 


— 


— ——— —— E Ee — een Zn 
. 


* . — 
— 
- 


36 Arcgs Ag ProBLENs. 


b- QUESTION + XETIL... . 


A Traveller, . to & certain e, at che Diſtanc 
F 140 Miles, goes 26 Miles 1 fr Day, 24 Miles 
the ſecond Day, 75 Miles 1 third; and ſo on, in 
' Arithmetical Pr on, decreaſing 2. Miles every Day. 

In how many Bonus will be. arrive at the ou 9, us 
Jag ? 


Put 5 140, the bc given, diſtance, E 00 
x e the part thereof travelled in the firſt 5 0 
n. the common difference by e each 

. day's journey decreaſes, 

and æ the number of days wherein the hols 

journey is performed. NP: 
Then, from the nature of the queſtion, it is rigen. . 
that, the laſt day's journey will fall ſhort of the firſt, _ 
by x—x times the common difference (a); and is, | 


therefore, truly expreſſed by c=x—T x d. | : 
But it is well known that the ſum of any atithmetical 

progreſſion i is equal to the ſum of the firſt and laſt terms 
multiplied by half the number of the terms: 


hence we have Te =ixdNA for the whole 


. diſtance travelled; and conſequently oO.” equations 4 


20 -* —1 x—LXdX—=b., | 
Whence abe + dr=2b, 


and XX = — <5 Xx= — —. | 23 
From which y= + — 2 nf e * 
. . 1 


%, 


QUESTION | 


* 
„ 


f 22 
14 Our. * 
ours did it take 1 


Put a=4, che diſtance travelled by A, ger bow | 
1 one hy A before — 25 
y B in the * ; 
"_ of a mile, the common exceſs, W | 
and r the number of hours require. Wee 
Then it ĩs evident (om the preceding e that the 
diſtance travelled- y_B, in the B. in in the a 7 ci will be c4 


-I xd; and that 2:+x—1 . will expreſs the 


But the diſtance of A in » hours being av, the wh 
diſtance travelled by. A will therefore be ar T; which... 
being andere babe (9. POO we. hangs 


Ave, . 
— — 6 8 5 1 
2c+x—1 4 Sar; 
and r aer. de. —de=2ax+ 2b; 


whole diſtance tray ed by Bin» hours, ok | 


224 —4 2 
3. 


Which (by making 1 bie 
AA L=8, the ente of hours al 


\\ 


1 QUESTION 


* mee 
rs IO N . 
To fad 5 1 in Avithmeticel. 


being increaſed by 2, 4, 8 and 1 8, 1 efively, the 
Sums. /hall be in Geometrical Progreion. 5 8 


Let x denote the leaſt number, TY 7 Rn, common 
difference. Then the four numbers — e 
by x, æ , x+2y, and & ＋＋ 3) | 
and the four ſpecified ſums, _. 
18 x+y+4, #+2y+8, and 4-294 15. 
hence, by the nature of geometrical proportionals, 
have 4 cogne IRONS 
| „ 7 75. 
# i [NT = 2 multipli cation, 
| or (lg 1 10542 3 and tranſpoſition. oh 


Hence 5*+ 209 =4y*+20y +4; | | e hs, 
therefore *=4, and y=2: 


From which x=6 ; 10 that the other three numbers are 

8, 10, and 12 reſpectively. 

For 6, 8, 10 and 12 are in arithmetical progreſſion ; D 

and 642; 844, 10+8, and 12+15, are in erg | | 
* trical progreſſion. —.— 


| QUESTION XCVI. 


The Recaangle (a) and the Sum of the Cubes 600 Wa the 
Numbers being given ; ; Li determine the Numbers. 585 


— K n n - — — GY 7 bs i be Sine” » 5 
— — rr — — . — ew tes Vo res mar AG — 


Loet & Janaeo the greater, and y the lefler wacher; : 
then will 2 2 _ - ;} by the queſtion. . 


| Whence, by W 4 * =a3, 
and x* ＋T 2K 55 +y*=4?, 
Let the quadruple of the former of cls two equations 
be ſubtracted from the latter, and you will have * 
2 H e 4a pi 
9 


and, by extracting tlie FROG root, on both ſides, 


Ne . — Which, ables ek _ 
= 8 e 10 X 


Sings e, we 485 , and | therefore 


4 


* =b, by the queſtion. | EI ay e 
Whence .es l, FC 
or, x* —bx* = 4. of EY. tens 
'F N 2 en the 3 5 

— 325 53 
ee 


ml = extracting the root, 15 2 


Hence x* -a; 


and 5 the values of x and y, the: very. _ 
., AS before E. 


At * 
J 


From either of the above ſolutions, a general theorem, | 
for the reſolution of cubic equations (according to the 


manner of Cardan) is very eaſily deducible. | 
For, y putting 1 and involving each ſide to 
the third power, we have æ = ＋ 32 +1*= 
x3 +4* +3wxx+y=e3+y + 3a x æ (by ſubſtituting for 
xy and y+y, their o_ a * 2. F rom . 
R A | | 

| 38 (Sr Ty 3 =b. 

But it FR "£5 Khor, (has 2 = 


"v0 


is 


% \ % 


Which value, thereſore, is "the. true "root © of the 

= 23 Zax b. 

rom which 3 root of W equation. 2 4 . 

fx the ſecond term is five). will alſo be given, 
e —3a=c, and ad ſubſtring for 4: whence 


* 
1 
EY 


' QUESTION Xcvil. =P 


The D —. Aon Numbers being given = . hs | 


Show of their Cubes =2240 3 No are the Vunber . 
. * A their half wh e 4 their half dif- 


5 ference, then the greater _ 10. _ cad Tefler 


* *=d, we have 


Fas +x—d@= 2240, 
that i is 2x3 +6d*x=2240, Cat fron 
or, x3 +30%:=2D, e ee SE UBT dh * 
Fut e gd (=12), and b=—= ( =1120) + dk 


1 2 


then it will beepme * 4 
— whence by the general en. . -the' laſt 


problem, x— 


Ts =10- 


- Thefore 12 1510 Row 3 was, are the” two 


numbers that y were to be found. „ 


t 8 | urs rion 


+ is praiſed widths lhe Nimber Si (4% no e 
uy 15 "ers He 5 2 a9 e, 


3584 4 (ab) Ede <> £3 {atk BF . 
Let l expreſs the e, pry ax the neu 
. then will ap apa aa On 
that is, 6 4 0 ; | nn 


or 25 * 8 


Put ee, and | 7 27 
Then will = bes, Py e 
and r =4, by the theorem in the Bad ber 
. Whence 8 and 10 are the two required numbers. 


rs rio xOIX. by ry 1 

- The Sam of the $ Se Js hn; 3 

e the i= ther * 2249! 0 W 
umbers. | f 


0 -_ 


Let the gremer under be dent yet. A- 
lefler by --. e 


then will Sythe rd Wy the e "Ban 9 . 8 
| From the firſt of ruth 8 n ol Fe let 


the ſecond be ſubtracted; ; 2241 * 
whence you will have 4x3 = FR 308 ; 1 2 


and conſequently x3 „ 


. 


chat i 18, in numbers, X3 1562 ＋. 500 0 FTE 7 

the roots of which equation (by Sect. 12 of my Treatife 
of Algebra) will be found to be 10,4, and — 147 
| whereof the firſt, only, is for our purpole : by meam 


N. we get = [(= 22. 


Therefore 


is lsto To extradted ; , pan rials with found. 


If the leſſer of the two means be a by _—_ 
and the greater by "HE we ſhall have 


— Ei ———+*-+*+7+= 


Therefore 12 and 8 are the two numbers that fulfil the 


conditions of the problem. 


is Note. The reſolution of the be above equation, by the 


. referred to in the p ples, is im- 
poſfible ; becauſe the 8 root r uantity 


* 5 


QUESTION 8 98 


The Sum (a) and the continual Prada 000 of ful Wan- 


bers, in Geometrical | Progreſſion, bein Fn ; to 48 
mine the Numbers. gre 4 | 


* 


x+y 15 the queſtion. 


From the ſecond of theſe equations; by putting =/F 


and T= Pl 


and d extracting the ſquare root, there comes out 


X—=YxXX+y — „ 
Moreover, CL the , wwe get 


& -M T2 * = X DN aN NT 7 


or, zr -= Tl =ac (by ſubſtitution) 


that is, 2cx+ 2x3 +6xP=ac ; | 18325 
or acæ A a2 TN ea (becauſe yy=aw—c.) 8 
Hence 5 En From which, by the theorem. 
in page 60, the value of x may by found. | 


„ 


QUESTION 


* 


-- 


for 4 E to e bur 272 = 
 Tmereft thereof, for the ſame Time, and at the * | 
| Rate, would have been only 3201. I bat n 5 
put out? and what the Rate of Intereft ? ey omg} 


Put a=344-81, and $—320; and let * denote. _ 
intereſt of 11. for ane year. 
Therefore, ſince the ſimple intereſt of x1, for . roms 
is 4x, and the compound intereſt 1 7-1, or 4 + 
6 +4x3 Tr 
we have, as e +457 +1 R$ E HS wo on 
nature of the queſtion : 


and conſequently 6-4 +33 = =#=#-0.3101 26. 


From the reſolution of which equation, æ will FR 
found =.05. Therefore the rate of intereſt was s por 
cent. __ the 1 put out 600l. 


| QUESTION, cu. 


The Sum (s) and the Produft (p) of a, two " Newbie 
being given, to find the Sum of the Squares, Ts 
Biquadrates, &c. of thoſe Numbers. 


Let the two numbers ae anda tina 17 


| Then 77 } by the queſtſpn. 


and xy: 2 


The former of which equations, ſquared, 


1 * TL rom whence the ' double of the 
atter being ſubtracted, 


we get x*+y* = -p, the ſum of the ſquares.” 


Let this equation be multiplied by x+y=5, 
and there ariſes x* +x* +5x* +93 a, 


or, * bay xx+y+y8 =$3 —25þ, 
that is, * $5+97 = - (becauſe pb, and 


* 5). a 
* | Therefore 


1 2 . — 2 — — = = 4 7 _ - — — — — — * 3 
EE Sg 1 2 — I=$ . Fe. 5 . EEE SE ß ANT 
— — T KT x 


Pens GS: 
TE TA, 
n 


A 


4 

15 
! 
i 
5 
[ 
W; 

In 

1. 
N 


"Ro TIES > 


— 


+ _ 1 
— — — 


- —_— 2 — 
R Fe. 
er ITEIITED Ra 


, * 4 by 
n 
: * A 


L * 2 — — 4 * - — 
— —————— ͤ— »Ü—dnm‚—— —— erate 
0 
% 


as K * 
—— > _- k 
ee —— — — — IEEE 
8 " _ 5 N 
2 * 


— — 


— = 


— —̃ — 
7 


— ee SEND 


by 
* 


„ — 0 I nm — my 1 — 
+1 
3 8 8 * 18 "He 


1 * the cube. 
Again, multiply this laſt 2 84 ber 2 
and you will hay will have a" pax 4N =5*= 26%, 
br +px5—2p+j =5*— 3 (becauſe 3* +35 26. 
' Whence * Ih wo 4 2505 the" 9 of the 2 
r. 
ultiply, aga again, by x+y=5, aid you will have. 
1 % +33 + =) —$53p +25, - 2 2% Hier 
or, x* +p X53 n =s* —453pÞP2ags, . 
and therefore * ＋ * =55 e, the fon of 1 the | 
fth powers. - \ 
rom whence the law of continuation is manifeſb: ; 
being ſuch, that the ſum of the next ſuperior powers 
will” always, be obtained by multiplying pw ſum of the 
powers | found by 5, and ſubtracting the ſum of ae. , 
preceding ones drawn into p, from the product. 4 
Zo that the ſum of the 1 powers (cxprefled 3 in a . : 
ral E 


or * +3", will be =s — eee 1 ax 


a 
TOS 


13 
» 
Fe QUESTION. cu. 


The Sum $$ a) and the Sum of the Squares 1 b) : 0 
Numbers, in Geometrical 2 "hy given ; 2 
the Numbers. 2 


If x and y be N 8 the two middle 
mrs, then, from the nature of continued pro- 
portionals, the two extremes will be n by 


— and &; and ſo 


we ſhall . Ly e os anti 
75 md ae Al e er” 2g . «oY 
85 | 85 ä £0325 eee 
5 


Seturiene, 65 


Put * . and DR VE. Ft fn motor Do 


84 * L 15 — 4 Alt: A 
then, from, the Arſt equation, e "Ids k 
1 . IST 
＋ * 2 5 2 7 —— g 2 heed 


add chawfore x3 +93; ba Pg TY + "4.30 
Biltgz-betauſe: the ſum of the two means bean, 7) 10 


— by u, and their rectangle by x, it is evident, 


114 10a, that the ſum of their e (* 4. 
* 2 ) Wilk be exhibited by az, and the ſum of their 


cubes (x3 +33) b = of 4, 19A 
And, $24” AE 5s to tam. of of the tro Srtnies 


7 — being denoted by a -u, and their. rectangle 


. wad) 


by 2, the fur of War ſquares will be . | 


and the ſum of their, cubes. 3 3 * (fr : 


this laſt is of no uſe in the preſent caſe. 


Hence, by ſubſtituting theſe ſeveral” valnes bald our : 


ſecond, and laſt equations, — * 
we get a—ul*—2z +1 —2z=b, e = 5 
and 3 e „„ RISE bl Ce r 
JJ77õͤõãéĩðòWtu%j§ j ion. a 
| 218 =2au+ —b=42, = 4 4 Sent e 
and 23 NM R ne 1 en 
and, conſequently, N D e , | 
— $115 1 
when, by redudtion, EEE, „ 
wy. * * 9 Fe > Koh N e 2 
and theredore* u= 4 8 . ONE Py LEY 


LS > © þ# Kod 


4aa 2a 
From "which hey ſeveral 'ralues of * . 84 1 allo 


4 


QUESTION cio. 


The Sum (a) and the Sum of the Cubes (e) of Jo 
Numbers in continued Geometrical Fan being given; 
to determine the Numbers. 
Loet the notation of the preceding problem be retained; 
then our two equations (71 2 caſe) 


will 


— - 


— 


r r ——r 32 — T — ̃ 
1 he 2 - W 8 e a — 7 pat th 33 be 1j 12 * "IEG 
. — — SIE IO — — 6 c 
* 2 
% * 
= 
7 
=; P 


— 


——— — — — 
11 4 i £ oo $a 


j> 
PA 
1 
[8 
74 
N 


66 AENA I( AI Pranks, 
© Fx Ne ler m + 31 
0 will be — 7 e ; 3 hs 
(66 . by OY wit 4455+ dt £4.14 
TAC 225 * | * | - 
25 + x3 +97 $195 he tl "ws Ar. TH brig 1e 


4 appears, from her, that the 3 If! the cubes 
(x3 +33) of the two means is =13 Any and that the 


ſum of the cubes s 9 op the two extremes is 2 


a= =30—3u u N Therefore our laſt ec aao, U 


ſubſtituting Tele values, becomes #3: +a—u = ran 
And, it ps Fours by the iat problem," | 
that the firſt equation — 7 a like ſubſtitution) , 

s reduced to u ax ⁊. 

ence, by exterminating 2 enn of the two” ci 


thus derived, and putting, T we 5 


4 


2u＋4 x ẽ.:eu d=; Ms 


or 13 Lene ee n = 

From whence, the value of « being i found; the TY of 
the quantities will be known. 

In the ſame manner the problem may be reſolved, 
when (inſtead of the ſum of the cubes) the ſum of the 
4th, 5th, or 6th, Wc. Powers is given. 
For the ſum of the n powers gf the two. means lor 
x +») being, univerſally, = n. * 
un 282 c. ore © an 102.) N e een 2 
and the ſum of the 1 powers of che t two extremes 


4-1 Tx med, So. 9 {es 

the ſum of the roots is here A 

we therefore have have c 
1 7 ook — ——— 4 +a 4 — Vc. k. Wich 


equation, by —_ Ae ed ebenen , be- 
* comes 


5. 


. a 


be found. e W957", 5 


Put u. ; "WEE from 30 firſt equation, 


aux. f 3 | 

T 3 ſceing this ſum. of ths. two e is 

exprefſed by a—u—z, and their rectangle by 2* (from > ] 

the nature of proportionals) the ſum of their ſquares 0 

will be =a—=4u—212—22* (by Due/tion 102.) 7 
Moreover, the ſum /x+y) of the two terms adjacent 

to the middle one being Su, and their rectangle = 

23, the ſum of their 5 ) will re be 
22 ( (Nb ame.) | 

And ſo, by ſubſtituting theſe values * Ws ved : 


4 * — 22 8 
And * e. 


ü N 


e a IF 
comes heaps PEER... 1 rn 
* 555 e. c. fon = | 


ia 0 2 


_ Haig 2 the Sum (a) and the Sum 157 the Sh 


(b) of five Numbers in Geometrical traf ; 10 
determine the Progreſſion 1 3 


Let x, 2, and 7 denote the three middle eittabers, 


WEE 


| taken in order: then 2 will be . firſt en | 


and 22 the hf, and ve ſhall have See nf anc 
| err . ER 0 


* 


1 2 
1 


we get a- -AE — 225 +1 . pain 


. Üb ̃ ⁰ ee rd de ee SS 
n HIS rr 


—— — — — 


1 
2 WI 


— — 


— — — 


2 2 ne 


A ee ERA - + 
Re 


rr IS 7 Gy c 2 — — 
- 


1 - 4 * we * 
_ for — * r 
EW Ee rene it — — — — Ä 2—ů — —— — — 


28 85 1 N 1 S { 
68 AtcranAicar PkoBLEMS, 


4 


Whence G—204— 203+ 20 4ME>20" 50s, [e's 29603 
and az - —u2+2*=0. | 


The double of which lat equation, added to the ſewer, 


a 
gives a*— 2au=b ; whence d 


From which, and the equation az—a*—uz+ * o, 
the value of z will alſo become known. 


' QUESTION cl. I” KS Ne 


The Sum (a) and the Sum of "the Cubes (b) f * 


i Number s, in continued Geometrical Proportion * 
given; to find the Numbers. 


Retaining the notation of the lat problem, and pro» 
eeeding in the ſame manner, we have N 


a—u—2 3 —3a—Ju— N +103 —3u2* +23 = 


and;az—i*—uz+22*=0 (as before.) 


The firſt of which equations, by reduction, becomes 


| a3 3% XU+2+ 38 X18 + 21% — 3 — 3uz? pied by 


From whence the other — —__ 


d by 325 
being ſubtracted, there remains =5 e 


4g xXu+2+3aX1 +2U2—2*=b; 
therefore 1 T 2E. e-. 


ad 
+ PERL 
But, by the ſecond equation, 4 +24uz—2* Sa; 


| whence, by ſubſtitution, Hue 
7 S N 
n! is, mann; 5 5 | 
r AE 


or l (by putting I 8 


a 5 
From which, the ſecond equation being ſubtraed, 
there reſults . 


* — 2 d: havin let (< az— —AY the value of 14 | 


foynd from the former ae be now ſubſtituted. 


: and 


＋* 
* 


: _ alba + 2 K 4 —— 5 * 2= 


815 #47 SoLw7IONs: T4 


2127 8985 * | nn A 


71 "Hos HT 

Ee ENT A | by „ 

Whenee z will be found. ee ne eee 
Gs ToN evi. is lara © 


The Sum. (a), the Sum of | the Squares (b), "ah the Sum of 
the Cubes (c), of any three Numbers being gon: 1 


determine the Numbers. POR. 


ert 


Let them be denoted by 57. 5 bs x; n 


l have 
x3 ＋ E e | 
& = -= E | | Et EA Re, 
£+P=d—=B. | SITS 
* 3 +y3 —=C—Z3, 
Now, by multiplying dene the two firſt of 6 
equations, 
we have #3 +x*y+-xy2 +33 2 band H 4 . 


C 
4 | we ſhall, * by r 


i 
78 


And, by cubing of the firſt, we alſo haue 


x3 + 3x*y + 37 +y3 23 34 l. Jaz? — 27 ” which, de- 
ducted from the treble of the former, > 
leaves 2x3 +293 =3ab—a3 + 3a*%%— 3bz— baz* 4423) 2 47 
and, this being =2C—223 (of the Third Km © we 
theſes 1 ä 
Ra” a 2. 

6 

From whence (when a, 3 and c are expreſſed in num- 


bers) three different roots, or values of z, may be 


found, anſwering all the conditions of the problem. 
Thus, for example, let 229, 5=29, and c=99;, 


then our equation will become 23 —gz* +26z—24=0. 


And (by either of the two firſt methods explained 


in Sect. 12. of my Treatiſe of Algebra) the three 


Owe in this caſe, will be found to be 2, 3 and 4. 


which 


& 
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Which numbers are, therefore, the true values of x, y 


5 -W * - 
— = 


and , in the equations 8 ee 


and x3 +y3 +23 =99. 
Xo . QUESTION evi. 


The Sum (a), the Sum of the Squares (b), the. 8 — 
Cubes (c), and the Sum of the Biquadrates (d 
Four Numbers being given; » to mba ns 


Loet the four Numbers be denoted by *, * * 4. 1 


: _ put Ara u, BG, C=c-a3, and D=d-u8. 
From whence, by the conditions of the Fee 
3 Tr = A. ee 


* * +2 = B, is 


1 25 4 442. =C, 


x*+3*+2* =D. 


Now, if the Second of theſe equations, be ſubtracted 


from the ſquare of the firſt, * 
we ſhall have 24) 2 251 A- —B. 


And if, in like manner, the fourth equation be cab | 
: trated from the ſquare of the ſecond, we ſhall have 
228 +2r42* +21 2* B-. 


Moreover, if from the ſquare of the GC of theſe laſt 


- equations, the double o the latter be ane yhese 


will come out 


Þ 822+ RRE A. 825 ops —2A®B— B 42D; 
or, 8yzxa+y+z=A* 2A*B-B* 42D; | 
- whence h = WT. 12 (becauſe, * e +, 5 + 


K A.) 


8A 
Again, by e the fr and fifth 3 


into each other, we get 2 +232 +2 x +2) * 


+22*y+6bxyz=A3 — 
nd, by multiplying the firſt and third together, 


there ariſes x3 "NE" * een ker 


— . 


F The 


OUR SOLDER — ot 


Thee double en baz gg. fegte 
. te re, 2923 A 3AB. And this nis, j 

2x + 3.+2 S029 * 7 rn $9445) „ Hax. 
gives 1 8 | 

Hence = T5 ( e- e 


8A 
Up. above 


and! — by reduction, A4—6AB4SACH 
2 Do. 
n which equation let the dal Walden of A BC 


and D, be now ſubſtituted, and then rats. 82 ; 


by 24); we, at length, have 4 a 78 1 — 
a3 —3ab+2c Wi PL das As he A 3-64 0 fade as 


6 


four roots (found by any 22 known dente 
We of all the conditions ; of the e * 


19113 


rs M. 


— * 


| the leaf Whole Number, which being icli i 


To 2. 


19, Jhall produce a Remainder $75 15 ol 11 75 N = 


0 28, the Nad nde Jhall b be 13. 


4 * 5 * 5 


Let 10% degote the gunnber ak, BITS, ES, | 


orig to the geſtion, 1 9 — be a whole number 

And, by the e it likewiſe appears that wh 
72 13, or, its Gn 19x 65 aug de diviſible b 
| (without. a remainder, ) ef ti 


But it is plain that 28+ is diviſible by 28 : elbe 


| 15 ) the difference between 1 gx - 6 and 284, muſt 


o be divifible by the ſame inter 28. For it is well 
known that, whätever number, of quantity, meaſures 


the whole, and one part, of 3 (without à re- 


mainder) muſt do the ſame by the remaining part. 
Hence (18K 7 12) the double of qr, being diviſible 
buy 28, if the ſame be ſubtracted from 19x - 6 (in order 
to get x without a coefficent) the remainder, x- 18, 


will, all, be diviſible by the ſame number; and con- 
ſequently 


* ous ity An — ——e. * * = ww 4 4 
2 Y —_ y #03, "2 23% — n ne cs es A 4. es As, — 
: Fe ” "yt . 2 Pp 
* 4 7 q 4 * 9 . L 9893 


——— n 
. 
* o 


© PREY 
4A . 


7 
1 
or 
i 
7 


that æ muſt either 


W ene eee, | 


ſequently rg, either, equal to or to ſome 
W of 28. But, as the leaſt value « fx is required, 


4-18 muſt be 20. Aud 3 ) the 


_ avesrION. cx. 


Sams. Be e 
as coft 52 14 Shillings; for 12 be paid 28. 24. 
2 geprece; and for the Ducks 15. HU en Fey had 
le of each? - J 


F number of thei BON 3 that 
hs doit IN 1.0 2 
ſo Thall a6x4+3253=168, Ty the queſtion. . 
and therefore y 11 * . == 


Which being a . number, 1 Ys nature of the 
problem, 11K 3 muſt, therefore, n diviſible 


by 15. | 
Bat Ni is plain that 15x is diviſible by I $3.5 and that its 
exceſs above 11x= 3, which is 4x+3, muſt, /itewi/e, 


be diviſible by the ſame number. Let the n expreſ- 
ſion (4x+3} be now multiplied b 3, and the preceding 
one (11x 3) ſubtracted from . product (in order 
to get x without a coefficent) whence: you will have 
x+12; which being, /#1/, diviſible. by 15, it is plain 
be 3. or 3 added to ſome, multiple 
of x5, as 18, 33, 48, Sc. But it is apparent, from the 
nature of the Eider that all theſe numbers, exce 
the firſt, are too | Therefore there were 3 Ts 


and 6 ducks; whic laſt number (the value of x; 


woe. is found * from the oo exhibited 
ve. 


: ©» QUESTION 


* 


nd their Serb rings == 
_ — QUESTION cxl. eee 


Oe FLO at *. won' a certain Manie 1— 
not exceeding 100, and being — to tell the Number, 
made this Reply : *© If the Number of Guineas I have 
« won be druided 7 0 9. there will 2 6; bat, if 

4c the Number of Shillings contained in them be divided 
„ by 39, there will remain 12.” The Queſtion is, to 
fad what Number G be was @ Winner of. 


Let 9 95146 denote the number ſought; where, a- 
-cording to the queſtion, x muſt be a whole number. 
Then, the number of ſhillings being 189x+ 54, it alſo 


appears that 8 or its equal 4 24 


— muſt be a whole 3 ; and therefore - 


47 


nes 12, diviſible by 13. 
Let the number 12 (for the ſake of i * dex 1 


noted by n : 
then, 12x, and 11x+# being, both, .divifble* by 13 


their difference 2 muſt alſo > be be diviſible by the ſame” 


number; and fo, likewiſe, 2x—n x 85 or its equal 
rox - n. And, 77 this be ſubtracted from 1xx+7, the 


remainder x+6n (or x+72) will, fill, be diviſible by. 
13. But 5 is 29. therefore x+7 muſt be 


diviſible by 1 3; and conſequently the value of x, * either, 9 Fo 
equal to 6, or 6 added to ſome multiple of 13: but, 
as the value of * is not to exceed 100 (by the 


neſtion) that cannnot be ter than 6. And 
therefore the number ſought can be no other than 60. 
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| QUESTION CXIL. 


4 Perſon, in exchange for a Number of Piaces of Foragn- 
Gold, valued at 175. 4d. each, recerved a certain 
Number of Guineas (nat exceeding 50) and one Shilling 
over. What was the Sum exchanged? 


If x be put for the number of pieces of foreign 
gold, and y for the number of guineas; then it is 
plain, from the queſtion, that 52x=63y+3; and 
confequently that 5 | | 


= 2 | 


2 
Here 1154 (ſuppoſing »=3) muſt be diviſible by 
$2; as muſt, alſo, its quintuple 55y+5z. And, 1 
from this laſt, 52y be ſubtracted, and the remainder be 
multiplied by 4, we ſhall have 125 201; which muſt 
be, ſtill, diviſible by the ſame number; and fo like- 


wiſe its exceſs {y+19») above 119 +1. But * 
| Mart; therefore yrs is, either, equal to 52, or 


— ſome multiple of it; and conſequently y equal, 
either, to 47» 9, 151, Wc. | 

But, as the value of y, by the queſtion, is not greater 
than 50, all the numbers, after the firſt, are too large. 
Hence it appears that he received 47 guineas and one 


hilling, in exchange for 57 foreign- pieces; amounting 


in value to 49/. 88. ſterling. et 
_ QUESTION CXIII. 


One laid out 10 Shillings in 20 Fowls, of three different 
Sorts, viz. Chickens, Pigeons, and Larks : the Chickens 
coft him 124, the Pigeons 4d, and the Larks Id, a=piece. 
How many had he of each? | | 


Let x, y, and 2 denote' the numbers of the _three 
ſeveral ſorts, reſpectiyely. | 
| 1 3 Then 


with their SoLvrion — 75 


* x+y+2=20 112 } _ 
Then will 1 zy the queſiton. 
And, by ſubtracting the former of theſe equations from 
the latter, we have rt1x+3y=100; and therefore y= 
| — 22 —. Now, 2x—2 being di- 


viſible 5 5 it is evident that (x+r) its difference from 
3 muſt likewiſe be diviſible by 3; and, conſequently, 
at x muſt either be 2, or 2 increafed by ſome mul- 
tiple of 3; that is, equal to ſome one of the numbers 2, 
5, B, II, 14, Sc. But, as neither y nor x can be 
greater than 18 (by the queſtion) ſo all the foregoing 
numbers, below and above 8, give the value of y either 
too great, or too ſmall. | £7 
But, when & is taken 8, y will come out =4, and x 
=8 ;z which are the three numbers required. | 


: QUESTION CXIV: | 
To determine all the ſeveral Way: whereby it is poſſible to 
pay Gol. in Guineas and Moidores, only. 

Let x denote the number of guiheas, and y the 
number of moidores. 1 | * 
Then will 21 ＋ 2 1200; or t=, by 
the problem; and therefore x = —— 57 —y—= 


=I. From whence, as 2y—t is diviſible by 7. it will 


7 | 
appear, by reaſoning as in the preceding examples, 
that y+3 muſt be diviſible by the ſame number ; and 
_ conſequently that the leaſt value of y is =4., 


and the correſponding value of x (=57 2 ) 252. 


Now, having found the leaſt value of y, and the 
greateſt of x, the reſt of the anſwers will be obtained, 
by adding 7 (the coefficient of æ in the above equation) 
to the laſt value of y, continually, and e 
{the coefficent of y) from the laſt vflue of x. By 
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means of which we get the 6 following ſolutions, being 
all the queſtion admits of. EO 
Viz. * = 52 43» 34 255 16, Or, 7, 

Jy = 45 II, 18, 25 325 Or, 39 · 


QUESTION CXV. 


To find how many Ways it is poſſible to pay 200. in Half 

Guineas, and Half-Crowns, without any other Sort ef 
Coin. N == | ? | 

If » be the number of half-guineas, and y the num- 
ber of half-crowns; we ſhall have 21x+5y=800 ; 
and therefore iso- | Whenee it 
appears, at one view, that x is a multiple of 5 and 
therefore, the ſeveral, required, values of x being ex- 


prefled by 5, 10, 15, 20, 25, 30 and 85 thoſe of 9, 


anſwering thereto, muſt be 139, 11 97. 76, 552 


34, and 13, reſpectively. So that there are 7 anfwers 


in this caſe, _ 


QUESTION Cxvl. 


A Reckoning of 20 Shillings was ſpent by a Company o, 
twenty * — of H en, Salla , 4 
Marines: each Officer paid 25. Gd. each Sailor 124, 
and each Marine 8d. How many Perſons were there 
of each Denomination? : 


Let the three required numbers be denoted” by x, y, 


and 2, reſpectively; WE 


> xX+y +Z=20 | . 
ſo ſhall { 8 405 the queſtion, 


And, by ſubtracting 8 times the former of theſe 


equations from the latter, we ſhall have 22x+4y=80; 


IIx 


and therefore J=20n>——e 3 
But, y being a whole number, it is plain that x muſt 


be an even nunfber, and, alſo, leſs than 4; and thers- 
chu | | fore 


* 


- evith their SoLuTIOons. 7 


fore can be no other than 2. F rom whence. y is given 
Sg, and z =, likewiſe. | | a 


QUESTION CXVII. 


To find a Number, which, being divided by 28, hall 
produce a Remainder of 19; but, being divided by 19. 
the Remainder fhall be 15; and, being uivided by 15, 
thee Remainder ſhall be 11. + 67 3 


Let 28 ＋ 19 denote the number ſought ; where x» | 
according to tlie firſt condition of the problem, muſt 
be a whole number. And, by the ſecond condition, 
it appears that 28K T 1915 muſt be diviſible by 19. 
Whence (following the method obſerved in the pre- 
ceding examples) the leaſt value of x is 2 8: and 
ſo 19278 (where z denotes any whole number) is 2 
general value of x, anſwering the two firſt conditions. 
Let this be, therefore, ſubſtituted inftead of x; and 
our aſſumed expreſſion will become 5322 T 243. 
From. whence, as 532z+232 is diviſible by 15, the 
leaſt value of z will be found =14. And 15. 14. 
will be a general value of z: which, ſubſtituted in 
5322 ＋ 243, gives 798034769 f for a general anſwer 
to. the problem; where may be, either, equal to 
nothing, or any whole number. Wo: 


QUESTION XVII. | = 


To find three Numbers, in the Proportion of 5. 7, av 93. 
= which being, ſeverally, divided by 11, 13, and 15, 
there ſhall remain 1, 2, and 3, reſpectively. ER 


Let 5x, 7x, and gx denote the three required num- 
bers: then, by the queſtion, gx—1, 7x—2, and 9x—3, 
muſt be, reſpectively, diviſible by 11, 13, and 15 
(without leaving any remainder.) ; | 
Bat it will be found (by proceeding as in the 5 8 
problems) that the leaſt value of x to anſwer the firl | 
of theſe conditions, will be g: therefore 9+11z 
(where 
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value of x, anſwering the ſame condition. 


Let this value be, therefore, ſubſtituted in the ſecond 
and third expreſſions; which, by that means, will 


become 772 761, and 99z+78. And then, as the 
former of theſe is diviſible by 1 | 


to fulfil this condition, will (alfo) be found =9. 

Let, therefore, 94 13% (which is a general value 
for z) be ſubſtituted in the laſt of the three expreflions, 
and it will become 134+9x99+78. Which being 


diviſible by 15, the 42 part thereof, or 13. x 33+26 
(429 ＋ 323) muſt, conſequently, be diviſible by 5. 

hence 2 is found 3: therefore z (= #+9) = 
48, and x (=112+9) 537. So that the three leaſt 
numbers, anſwering the conditions of the problem, 


are 2685, 3759, and 4833. 


| QUESTION CXIX. 

Suppoſing 6x+7y+82=100; it is required to find all 
the poſſible valucs of x, y, and 2, in whole Numbers. 
In queſtions of this kind, where En have three, or 

more, indeterminate quantities, and but one equation, 

it will be proper, firſt of all, to find the Fmits of thoſe 


quantities. Thus, becauſe hn 


it appears that x cannot be greater than 14. 


=16—y—z= 


6 9 
And, in the ſame manner, it will appear that y cannot 
be greater than 12; nor z greater than 10. 

Now, as x is a whole number, by the queſtion, 
y+2z—4 muſt therefore be diviſible by 6: and, as 2z 
and 4 are even numbers, it is plain that y muſt alſo be 
an even number (ſince an odd one cannot be divided 
by an even one, without a remainder), Let y be, 
therefore, firſt expounded by che leaft even number 
(2), ſo will y+2z—-4 become =2z—2 : which, bein 
diviſible by 6, it is plain that z—2 (the half thereof) is 

1 | diviſible 


— 


) will be a general 


85 the leaſt value of E, 
o) 


. 


* 
"OI 


with their So urin 79 
diviſible by 33 and conſequently that the ſeve ral ral 1 


of 2 (when y=2) are I, 4, 7, and 10. 


Whence the correſponding values of x, by ſubſtituting | 


above, will appear to be 13, 9, 5, and 1. | 
Let y be now taken =4; then y+2z—4 will be = 
2z: and fo, 2 being diviſible by 3, the ſeveral values 


of x, in this cafe, will be 3, 6, 9. But the two firk 


of theſe, only, are for our purpoſe, the laſt giving 
=O. | : 
By taking y=6, and proceeding in the ſame manner, 
We Gall get two other anſwers ; wherein z will be 2, 
and 5; and x, 7 and 3. And, by taking y=8, two 
more anſwers will be found (making 10 in the whole) 
which are all the queſtion admits of; and which, being 
placed in order, will and as below. EE 


W r Py ETD - » FF $a” 0 | 


Xe 
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58.1 
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60 Ob W 


QUESTION CXX. / 


if 1524199 +212==400;' it is propoſed ts fiad all 


| the poſſible Values of x, y and 7, in whole poſitive 
Numbers, 4 | 


When the coefficients of the indeterminate quan- 
tities x, y and z are nearly equal, as in this-example, 
it will be convenient to. ſubſtitute for the ſum of thoſe 
quantities: thus, let x+y+z=m; then, by ſubtract- 
ing 17 times this laſt equation from the preceding one, 
we ſhall have 2y+4z=400=17m; and by ſubtract- 


ing the given equation from 21 times the aſſumed one 


x+y+z=m, there will remain 4x+2y=21m—400. 
Therefore, ſince y and z can have no values leſs than 
unity, it is plain, from the firſt of theſe two equations, 


that 400m cannot be leſs than 6, and therefore | 


not 


1 


8 


—— — 


ww. — — — I— 
4 ns = —— 
- 8 — 


"FIG hn 

—— ñ —Üʃ—r̊. — 
2 — * 8 
2 an' ' 2 8 « 

$24 3 


—— — 
peg 


— 


— — " 
* 


* 
—B LS 


— — 


mY = . 
—— ow 


** nc a a 
rr 


—— 
2 I 


os „ 
* 
(8.054 
a7? 2 
i ; 
"1 * 
7 
©3248 
Ll 47 
4 
5 
: 4 
5 
f 
be 
Re © 
— 
o a V 
$i} 
"I if 
14 
5 127 
> 9 
+474 7 
7 
, 4 
1 : 
44 
* 
: * 
15 { 
a 
179 
+1274 
* 
14 
. 
ity 
+! 
LI . 
1 
N 7 bh 
__ 
Ll — 
þ 4 
3 7 
„ 
7 * 
„ 
wn 
. 
N 
11 . 
+2 
. 
FP! * 4 
* 
1 
4 ; 
. 4 
il 
x 
1 
* 75 r 
1 $4 
"Fins 
3258 
4 *Þ 
eg 
144 1 
1 
++. 
+2 \ 
* "= 
1 1 
5 N 
318 
11 
RT 
* ba 
„ 
M4 
i} 
1 
* 


f 


N 
q 
| 


RESO rs 
—— — — — £ 


353 — — — > 
2 — — — 
—— BG =z 4 4 


I 433 { w— 
* * ——— — — ͤ — —— T — 


— Snot eres th on notbnnls, Gogh 


—ä—äñ at <A - wr 2 oat * 
P ee 


8 2 
| OT LI — Re Eres no en yo 


13, 14 and 15 ſucceſſively, and y w 


bp . AtceBRAICAL ProBLeMs, 


not greater than 4. 'or.'23 : alſo, becauſe by. the 


I 
ſecond of the two laſt equations, 21.400 cannot be 
leſs than 6, it is obvious that m cannot be leſs than 


400 5 : 1 a 
or 19: therefore 19 and 23 are the limits of 


* 


tranſpoſed in the laſt equation, and the whole divided 


by 2, and we ſhall have y = 10 = 200 — 2x. E, 
which being a whole number, by the queſtion, 1. 


evident that = muſt likewiſe be a whole number, and 


conſequently m equal to an even number; which, as 


the limits of m are 19 and 23, can only be 20, or,22 : 


Let, therefore, m be tirſt taken 20, then y will become 
=10—2xand æ (m—x—y) lor; wherein æ being taken 
equal to 1, 2, 3 and 4 ſucceſſively, we ſhall have y 
equal to 8, 6, 4, 2, and » equal to 11, 12, 13, 14, 


reſpectively; which are four of the anſwers required. 


Again, let m be taken =22, then will y=31—2x and 
z=x—9, in which let x be taken _ to 10, 11, 12, 

ill come out IT, q, 
7, 5, 3 and :, and z=1, 2, 3, 4, 5 and 6, reſpec- 
tively. Therefore we have the ten following anſwers 


in whole numbers; which are all the queſtion admits 


of. | | 
I2 


7 
3 


11 
90 
2 


2 
6 
1211 


xX= 1 
2 8 
K 211 


13 
. 
4 


14415 
11 3101 
1 5 6. 


4 10 
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| QUESTION cxxl. 


To find two Whole Numbers, whereof. the Difference of the 
Squares . be 77. | 


Let the leſſer number be x, and the — n; 
and ſuppoſe the number given to be repreſented by 4. 


ſo ſhall x+m|* —x a, 
that is, 2mx+mm=a : 


Mn a N 
and conſequently "I i 


Whence we alſo have e + (2 


er). 


But, in the caſe propoſed, 4 2 =77- 
+ becomes =, and x+m=—— 5 2 72 


which being both required in who W it is 
evident, in the firſt place, that m muſt de ſome 


diviſor of 77; and, ſecondly, that — muſt be greater 


than m; and conſequently leſs than 9. 

But the diviſors of 79, below 9 are 1 and 7: which 
numbers being wrote ſucceffively, in the room of m, 
the corteljonding values of x will come out 33, and 2; 

and thoſe of x+m, 34 and , reſpeCtively. So that 

the queſtion, in the caſe propoſed, _—_ 1 two 
anſwers, and no more. 


QUESTION CxxII. 


To find a Whole Number, to which 12 and 2 5 3 FR 
ceſſively, added, both the Sums Hall be ſquare Numbers. 


Let x be the number ſought ; and aſſume x and 
x+m for the roots of the two ſquares : 


then will (* SY by the queffion. 


; Hence, | 
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Hence, by ſubtracting the former equation from the | 
latter, we get 13=x+m * an um; EE” 
and therefore —— 6 Which being a whole 


2m 
number, m muſt be = rx; whence 855 and 2 


e IE... 


3:4" =  QpESTION XXIII. OE 


To find three Whole W 7 Fu hs, Sum, _ the 
Squares of the two leaſt of t em ſhall. * JOEY zo the 
Square of the . 


At appears from the problem preceding the laſt, 


| that the difference of the 2 of © : D, nf — 


| is, 9 gal. to a, | 


or 3 let a and mbe what they will. 


"ne it is ae plain that a+mm mm nl + 4mma. 


But, ſince it is required to have ꝓnma, a ſquare um- 
ber (as well as the other two) a muſt therefore be a 


2 ſquare number; let it be , and then our equation 
will become an Fe -n Fe; where 2 


and n may be expounded by any whole COIN ot 
pleaſure. 
Thus, for example, ſuppoſe mr, and wats ; then 
there will come out 5*=3:+4* Again, Tet m =, 


and 223, and there ariſes 13] =5]*+12]*. Laſtly, 


let m=2 and n, and 1 will get 2 IN ORAL Eu 


' QUESTION 


CFC b. 
di A. 831 © a. Fo. $4 hls KP K % 13 
2000; their SOLUTIONS. 83 


Py 
n 


© QUESTION. . 


4 2. Jad, three Whole Numbers, whoſe Spur are in 
2 bg Atitbmetical Progreſſion. THe 


Let x, In, and x+ expreſs three much abate. | 


So ſhall x+m Ls nag 2 4 mla, by the nature 
of the problem. 

0 Whence * is found — 

at | | 4 — 2n ; 

Put aas, and nf —2m*=b; then , * 


, and e. Now, as the — 


o 2 2. and 4765 are in arithmetical progreſ- 


n, it is * that the f uares of their eguimuliiples, 
2 bam, vl d b+an, uſt be in eee 3 
ſion likewiſe. From whence, by expounding m and u 
by different whole numbers, ſucceſſively, as mariy par- 
ticular anſwers as you pleaſe, may be exhibited. 

Thus, if m=2 and n=3; then, a being ==2, and 
Al, there will come out , 5, and 7. But, if M=3 
and n=5, we ſhall get 7, 1, and 17, for UE 


anſwer. 


' QUESTION cxxv. 


. $ 1 Taz b (where a and b denote given 
5 png = ; it is required to find the Values. of x and 2 
(if poſſible) in Mole Numbers. | 


Put x=z+m; then, by ſubſtitution, 
2* +2mz+m —=2* +az+6 5 | 
and conſequently YZ= — Which value, by putting 
r (or a becomes A 
| M 2 | a I of 
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/ 


{of *Z© 20+», From which it is evident, chat, 
to have the value of z a whole number, u muſt be 
ſome diviſor of the given quantity 4 4, and theres 
fore even or odd, according as a is even or odd, _ 
* R a 
"TSS E * is ko 


Example. Suppoſe the given equation to becom | 
2*+20z ; in which caſe, @ being =20, and Y go, we. 


have z 14 ——go+1; where the, even, diviſors of 


of 400 are 2, 4, 8, 10, c. whereof the ſecond will 
be found to anſwer ; the values of z and x coming out 
16 and 24, reſpectively. 


Again, ſuppoſe the given equation to become x = 


2*+100z+1000 : here we have ==} x2—200 +: 


And the, even, diviſors of 6066, are 2, 4, 6, 8, 10, 
12, 16, 20, Sc. Whereof 4, 12, and 20 ſucceed. 
By the laſt of theſe (which determines the leaſt values) 
z comes out S 30, and K q. . 


QUESTION CXXVI. 


Having given X = +bz+cz*, wherein a, b and © 
denoie given Whele Numbers; it is required to find the 
Values of x and 2 (if poſſible) in Whole Numbers. 


Put x=a+msz ; then will a+mz|*=a*+bz+c22 ; 
that is, a®*+2amz + m*2? —a* + bz +2, 
b — 2am 


Whence z comes out = 
| mm —=c . 


where it is evident, that, in order to have a poſitive 
value, n muſt be taken equal to ſome number between 


VG and 2 
Thus, ſuppoſing the given equation to become - 
64—12z+5:?, the value of m, in this caſe, muſt be 


leſs 


FE 


uh heb Sorbrions. 85 


Teſs chan / F. ot act than ==. . it den 7 
fore; be expounded by 2 and 1, faccetivaly 5 7 bes 
whenee DEI, or its equal — (which i is, 


Py here, the value of 2) will come out 44 Ae 7. +reſpe@tivey; 3 
and the correſponding values of x (a+mz) are found to 
be 96 and 15: both which anſwer the r of the 
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4 Parity of Gems rnie n Paonums, with 


their SOLUTIONS: both by. ALGEBRA, and 


independent of it, from Principles purely GEOME- 


upto pony 


— 


„* 


* 
4 


conſiſts not in exhibiting a number of rules and pre- 
- Cepts, but in illuſtrating thoſe ge c known, on the 


ſubject, by a ſet of proper and uſeful examples; yet, 


as we are in this part to treat of the inveſtigation of 
- Geometrical Problems, without calling in the aſſiſtance 


of Algebra (a thing hitherto very little conſidered by 


© guthors, though in itſelf very intereſting and uſeful) 
it may not be amiſs, before we proceed to particular 
4 to premiſe a few general obſervations on this 
head. : 


1. In the firſt place, then, it is neceſſary, in order 


| to the conſtruction of Geometrical Problems, that 
ſomething of the Geometric Loci ſhould be underſtood. — 


of the vertex, when the ratio of the two ſides and the 


Thus it will be of uſe to know that the place of the 


vertex of a triangle, whereof the baſe and oppofite 
angle are ſuppoſed to remain conſtant, while the other 
ſides and angles vary, will always fall in the circum- 


ference of a circle pang through the extremities of 


the baſe. This appears from Euclid, B. 3. Prop. 21 ; 
and is alſo demonſtrated in my Elements of Plane Geometry, 

B. 3, Prop. g, 1½ edit. or B. 3, Theor. 11, 4th edit. 
It ought moreover to be known, that the locus 


baſe 


» 


| Gronerntcas Daraus, bee. * 


daſe of the triangle 3 or continue invartible, 
will, alſe, be * circumference” of a eirele, diyidi 
the baſe in the glven ratio. Fur the demoiifiration g 
which, fee-Eleine Plane Geometry, B. 4, Prop. 15, 18 et.) 
If the ſum, or the difference, of the ſquares of the 
two ſides, together with the baſe, be fuppoſed given, 
the locus of e vertex will, ill, bs the circumference 
; ol a circle, in the former caſe; and a rightline,- in 
N the latter | (vid, B. 2, Prep. 12, If" wie or 940 2. 
© Theory, wth edit. 
But, if the ſuin, or the difference; of de. des, 
themſelves, is given; then the locus will, . He 
the areh of an ellipſis or an hyperbola (as is well'kno 
to thoſe who have touched: upon conic- ſections.) 5 
theſe two laſt are not -adthitted in the en 
linear and plane problems; of which, only, we purpole 
to treat. The problems, of the following colleGion, 
wherein the uſe of the Geometrie- Loci, above ſpecified, 
is ai and exemplified, are the 11, 12, 19, 345 
3 52 Feet & _— 
36 hen, in the figure to be conſtructed, the, ben, — 2 
ö or the difference, of two adjacent ſides happens to; be — 
| given; it will be proper, firſt, to form a triangle, 
15 that the ſaid ſum, or difference, may be one of 
its ſides; and, then, to 'conſider, what other fides, 
or angles, will be given» or become known, in con- 
ſequence thereof. his rule is illuſtrated in the 1, 
2, 18, 29, 30", and ſome other of the HOO 
problems. 
23 lt often happens that the ratio of two, or more, 2 
lines is given, from the nature of the figure, or by | 
© hypotheſis, thou ugh the lines themſelves are abſolutely > | 
unknown: in all ſuch caſes we muſt endeavour, by oF 
drawing parallels (or ſome other way) to obtain other | 
lines in the ſame given ratio: ſo that, one of them 
being given, or known from the nature of the figure 
oer. * the other may alſo become known.— The 
| ule of this rule, which i is very extenſive, will particu- 4 
a | | larly Ly 
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larly appear in the ſolutions to the 3, 13, 16, 22, 26, 
PPC 
2 But, if the lines, whereof the ratio is given, 
ſhould happen to lye remote of each other; then, by 
the help of thoſe, we muſt endeavour to determine 
the ratio of others, ly ing nearer together; and ſo on, 
till we obtain (if poſſible) the ratio of two lines, that 
are both ſides of the ſame triangle; wherein one angle 
and the remaining fide (or ſome other, two, parts) 
are given.— For the better underſtanding this rule, 
conſult the ſolutions to the 49 and 57 problems, in 
particular. . 1 eee 
52 Laſtly, when the rectangle under two unknown 
lines is given, either, a mean proportional muſt be 


found, or elſe, two other lines muft be aſſigned, by 


forming ſimilar triangles {or ſome other way) ſo as to 
comprehend. an equal rectangle; and fo that, one of 

them being row by the nature of the figure, the 
other may alſo become known. This rule is exem- 

plified in the 4, 5, 6, 9, 10, 21, 38, 40, 41, 44, 
and 53. problem. 0 
Beſides the above, other obſervations might be here 
laid down; but thoſe already delivered being the moft 
general that have occurred to me, I ſhall now proceed 
on in the reſolution of problems; the proper buſineſs 
of this work, [0 TOY CO 2 | | 


PROBLEM 


— 


| quently — 


26 26 | | 
| ＋ : Fro which AC (++) is given = 2 t, 


1 a 
5 J : | 5 
us their 807 


n 23 PROBLEM " Exe o 


05 4 BO nd te Di rene: beat c64-Ahbvta 
1) ABER the Hypethenuſe AC, o 4 a — gled Trank 
ABC, being given; to find both AB | 
„Nr BC a, AB ran, and AC=r+ 0 being the 
ziren difference) then | 

being = AB" + 

CI- (Elm. 8. 2.*) we 
have xx + 2bx + bb = 
xx + aa: whence 2bx 
=aa—bb; and conſe- 


aa — bb. aa 


Geometrically. 


If, in AB produced, there be taken BD Rey to 
the given difference of AC and AB, and DC be drawn 
93 to the ſecond general AC; end: it is evi- 

nt that AD will be equal to AC the angle 
ACD, alſo, ual- to the angle D. 

. Therefore, aving taken BD as above 8 and 
made BC perpendicular thereto, and of the given 
length, and joined D, C; let CA be ſo drawn as to 
make the angle DCA=D; or, inſtead thereof, let a 
perpendicular EA be erected on the middle of CD; 


then the interſection of either of theſe lines with DB, 


produced, determines the triangle. 

From this conſtruction we have the very ſame 
theorem, for the numerical ſolution, as is derived 
above, from the algebraical proceſs : for the triangles 
ADE and CDB, having each a Fg and D 


common, 


JT” 2005 - ; — 


Mere. The quotations, in this, and the ſucceedin * 
Blems, refer to the autbor's PIs of un bed 
printed for F. WINGRAVE. 
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| . | 

common, are ſimilar. 5 DB: 55 : E2 BD. 
BC?+BD® B 

90}: AD (AC) = _ 2 

as before. | 


PROBLEM 10. 


The Hypothenuſe AC, and the Difference of the” two Legs 
AB and BC, of à right-angled W 8 ADC, hs 
given; to determine the Legs. 


E Put AC = a, AB = =" 
and BC=x-b: 
ſo ſhall * 2 . 
(Elem. 8. 2.) 
that is, 2xx - 2þx+ . 


Whence xx -le: 


2 
and conſequently - & = 


B vViee-ÞWb+B. 
Geremtleically, | 


If, in AB there be taken AD equal to the given | 
difference, and CD be drawn; then, DB being BC, 
the ang BDC will alſo be =BCD= half a right- 


an 


1 having laid down AD, and drawn an in- 
definite line DCE to make the angle BDE = right- 
le; upon the center A, with the given interval 

AG, let an arch be deſcribed, interſecting DE in C; 
hom which point, upon AD produced, let fall the per- 

pendicular CB; ſo ſhall ABC be the triangle required. 
The numerical ſolution, accordin ng to «this con- 
ſtruction, is very eaſy, by the help of Trigonometry : 
for, two ſides and one angle of the triangle ADC 
being given, the other angles ane's from thence be 
found; and then, all the angles and one fide (AC) of 
the propoſed triangle being known, the other ſides 

AB and BC may alſo be determined, 

| PROBLEM 


5 avith their SorvTONy. | 91 
| PROBLEM II. | 
The Ba : AB and the Perpendicular CD of any Trian le 
ä 185 being given ; to 72 the Side EF, AM EH, of G 
inſeribed 1 EF GH. : | FEE 


Put CD=a, AB C — L 
* then will CI 
2—x.; and, by reaſon 
of the ſimilar tri- 


angles ABC and 4 
ECF, we ſhall have 
a:b::a=-x:x (= 
EF.) Therefore ax 
Sab bx; and con- G B 


ab 
ſequently x = __ 


 Geometrically, © 


The ratio of EH to EA being given, as CD to CA, 
EF muft therefore be to EA in the ſame given ratio : 
and, if CL be drawn parallel to EF, meeting AF pro- 
_ duced in L (agreeable to the 3. general obſervation) it is 

evident, becauſe of the rk” triangles, that the line 
CL, ſo drawn, will be to CA, fill, in the ſame given 
ratio; that is, CL: CA:: CD: CA; and conſequently. 
CLSCD. Whence the method of conſtruction is 
manifeſt. | | 


, PROBLEM IV. 
To determine the Sides of 4 Rectangle. EFGH, inſcribed 
mn a given Triangle ABC, whoſe Area ſhall be to that 
of the Triangle in a given Ratio. = | 
Put the perpendicular CD a, the baſe AB, and 


the altitude EH of the rectangle ; and let the 


given ratio of ABC to EFGH be that of n to n. 
* Becauſe 


4 

| | 3 

1 4 92 GxoMETRICAL PROBLEMS, 

. . Becauſe of the ſimilar triangles ABC and EFC, it 
"A e will be, CD (a/: AB 
£5 & 1 (4) A CI (a—x) : EF— 
in. Therefore EF „ EH = 

2k abx—bx* * 

N | 3 and conſe- 
4 * * F 
vY Þ — (by the queſtion.) 


— — — — —— — — — 2 


, aa naa . ” 
44 4 2m b 
nd | — 5 Ee | 
i 3 
FR Geometrically, 
Guy 
70 F 


The rectangle HF being to the triangle ABC in a 
given ratio, and the latter of theſe being actually 
given, the magnitude of the former is alſo given; and 
therefore may Fe expreſſed by a given rectangle ABPL, 
on the baſe AB; whoſe altitude KD is to half that 
of the triangle in the aforeſaid given ratio. | 

But it appears that the rectangle DIxEF is to the 
rectangle DI IC in the given ratio of EF to IC, or 

| of AB to CD Elen. 1. and 20. 4); and that the 

rectangle DK x AB is alſo to DK xCD in the ſame 

given ratio. Therefore, the antecedents being equal, 

. the conſequents muſt likewiſe be equal, or Dix! = 
- DK x« CD. Whence this conſtruction. - $ Es 

Deſcribe, upon CD and CK, two ſemi-circles ; and, 
from the point M wherein the circumference of the 
latter cuts AB, let MN be drawn, parallel to DC, in- 
terſecting the former in N; ſo ſhall MN be the required 


altitude of the rectangle. Since DI x CI = INÞ= 
DM}*=DK x CD (Elem. 19. 4), as above. Thi 
| is 
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This problem, it is obſervable, becomes impoſſible 
when MN paſſes intirely without the leſſer ſemi- circle, 
that is, when the given rectangle is ſuppoſed greater 
than half the triangle. The ſame thing appears alſo 
from the algebraic ſolution, in which caſe the quantity 
2) under the radical- ſign, becomes negative. 


4 2 


PROBLEM v. 


To divide a given Rigbt- line AB into two ſuch Parts AC 
and BC, that the Rectangle contained under them may 

be of a given Magnitude. | | 

Put AB Za, and AC =x, and let the given magni=- 
tude, or content, of the | 1 E 
propoſed rectangle be re- | 
preſented by the ſquare 
BD, whoſe fide BE, or 
ED, let be denoted by 
5: then will x x@—x= | 225 


Whence x= +\ / Jaa—bb+—. 
| Geometrically. 


If upon AB, as a diameter, a ſemi-circle AFB be 
deſcribed, it is evident (by Elem. 19. 4.) that a perpen- 
dicular FC, drawn from the point wherein the circum- 
ference interſects DE, will cut AB in the point re- 
quired.—It is plain, from both theſe ſolutions, that the 

given reCtangle muſt not be greater that the ſquare of 
f the given line, to be divided. | 


* 
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PROBLEM VI. 
To a given Line AB, it is required to add another Line 
BC, /o that the ReHtangle under the whale, compounded, 
Line AC, and the Part added, may be of a given 
Magnitude. | | . 
Let AB=a, BC=x, and the fide of the given 
| __ = ſquare BEDH, ex- 
D ; | f 
| preſſing the magni- 
3 : | tude of the propoſed 
; F/ p 1 | rectangle, =b. 
Then we ſhall have 


5 a+x»xx=bb; and 
conſe uently * = 
4 bb+Jaa | 
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If, upon AB, a ſemi-circle be deſcribed, and CF be 
ſuppoſed drawn to touch it in D, it is plain, from Elem. 
Corol. to 22, 3, that CF* is =ACx BC=BEI* (by + 
3 ; and conſequently CF BE: therefore, 

being =OB, it follows that OE and OC are like- 
wiſe equal. Hence, if to the middle of AB, we draw 
EO, and take OC=EO, the thing is done. | 


Geometrically, 
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with their Sorurions. ogg 
PROBLEM VII. | 
To divide a given Right-line AB into two fuch Parts, 
that, the Rectangle under one of them AC and another, 
given, Line BD, may be equal to the Square of the © 
remaining Part BC, N 


Put AB, BD=3, 
and BC; then will 
ACSa -x, 


and therefore xx = 


* b, by the queſtion. CG 
Hence ws +/bx-= ab; 

and, conſequently x- bk 
a= a © BER 


Geometrically. 


Since BC]*=AC x BD /by. hypothefis) it follows, by 
adding BC x BD to each, that BCF*+BC x BD=AC 
x BD+BCx BD; or that, BC x CD = BD x AB 
BEV, taking BE a mean proportional between BD and 
AB {by Elem. 14. 5.) But the rectangle BC x CD, 
if a ſemi-circle be deſcribed upon the diameter BD, is 
known to be equal to the ſquare of the tangent CG 
(Elem. Cor. to 22. 3). Hence ' CG}*=BE]}* ; and con- 
ſequently CG=BE therefore, FG being alſo FB. 
it follows that FC is equal to FE ; whence the method 
of conſtruction is manifeſt. EY io. | 
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PROBLEM II. 
To 5 tro Lines, whereof the ReZangut Anal. be 
8 a given, Rectangle A BF E, and the RT 
auares he eh to en Square ABCD. — 
=_ | "Put AB (SBC) =, BF 
eig al! 25 ai 
two required e be de- 
noted by æ and 
Then will ak. and 
en 4 = 2 the 8. i 


" \ 
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6 
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—̃— % —— — 2 IIS 6 
I7— Iran Wt 3.” * 
„ Fox „„ „ —— — 
AM 5 
* uf * nnd. ith 
<a By 7 


r 12 — B from the latter, ont F 


; 2140 25 =aa+2ah, 


Therefore 1 E 2 ef; 


AN aa, — 2ab 


——_— 


1 


+ * 25 8 - 2b | = 
ws From whic be eee Henne 

3 5 _—_ 29=v aa ＋ 2a =V aa—2ab. 

4 : If upon AB a e be deſeribed interſeQing f 

ul EF in H, then the lines joining A, H, and B, H will a 

If anſwer. the conditions ef the problem. For, the angle 4 

6 AHB deing a right-one {Elem. 13. 3.) thence is 5 ( 

AM +BH]*=ABÞ=ABCD /Elm. 8.'2.); and Ax 1} 

Ry BH (= twice the 3 S = ABFE 1 7 

Corol. to 2. 2.) 

11 

* | | _ r. 

PROBLEM | a 


with their SoLUTIONs. 97 
-- PROBLEM IX. g 
75 A tive Zines; , Rae A be 
e 


equal to a given Rectangle ABFE, and the Difference 
of their Squares equal to a given Square ABHD. 


Put AB=a, BFB; and let x be the greater, and 


y the leſſer of the two Ex FE 
lines required: ſo ſhall Df H 
xy=ab; and xx—yy 
= aa; by the queſlion. 
From the former of | 
which equations we. 


have y = 22; which | | - 
- A RES 0 
value, ſubſtituted in the latter, gives xx— 52 


Hence x* =@*x* e; 


and conſequently K = Y: a TN bb + aa: whence 
y will alſo be known. V * 


= da. 


D 


Geometrically. : 
It is evident, in the firſt place, that the two lines to 

be determined will be the hypothenuſe and one leg of a 
right-angled triangle (ABG) whoſe remaining leg is 
the given line AB. And, ſince the rectangle under 
theſe lines is ſuppoſed given, another triangle ACG, . 
ſimilar to ABG, muſt therefore be. aſſumed ; ſo that 
CG, in the former, and BG, in the latter, may be 
WER ſides (according to the 5* general obſervation; 
vid. p. 88.) | SET 
ence we have CG x AB=BG x AG /Elem. 24. 3.) 
=AB x BF (by hyp.) and conſequently CG=BF. _ 
And fo, ACx BC (SCU, Elem. Cor. 19. 4.) be- 
ing given =BF}, the caſe under conſideration is now 
reduced to our 6 problem: whence we have the fol- 
lowing conſtruction. | Kg oY 
7 To 
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To the middle of AB, let FO be a and, 


having taken OC OF, let a ſemi-circle be deſcribed 
upon AC, cutting BF in G; ſo ſhall BG be the leſſer, 


and AG the greater of the two lines N 
PROBLEM X. | 


The Diameter AB of a Semi<circle. being. given, to 


Point D in the Perpendicular BC, from 3 
being drawn, the Part thereof, ED, without the Semi- 
circle, ſhall be of a given length ( BF. I. 


Put ABB, DE (=BF) Sa, and AD=z; alſo let 
BE de drawn. 9 the angle AEB is a right- 
ene, the triangles 
ADB and ABE are 
ſimilar. And ' there- 
fore AD (): AB (6 

AB G: AE ({x—a). 
Whenes. x- aν bb; 
and conſequently * 


A . 


ES 
Since DA xEA is =AB* Elem. IT F YER the 
part, DE of DA is given (=BF) the caſe is therefore, 


reduced to our 6* problem. 
From whence it will appear, that, if upon BF a 
eee be deſcribed, and through the center thereof, 


AH be drawn, meeting the periphery in H; an arch 
deſcribed from the center A, with the radius AH, will 


cut BC in the point required. 
PROBLEM XI. 
Having the Len h of two Chords AB and CD, cutting 
each other at Ri 270 Angles, together with the Diftance 


OE of the Point of their Interſection from * Center; 
to determine the Diameter of the Circle. 


Upon the given 3 from the center O, let the 
the 


- 
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A the perpendiculars OF and OG; and draw the radii 

d ME OA and OD: alfo put AF (= AB) , DG | 

Ty ( = 1CD) 25, OE — Gy 20 4 I = 

and AO 4 = DO) = . p 

Then will OFF ==> — a, B 

I” | | Fer er op ; 
* Fl + OGÞ_(=OFþ + 
TR FEF) is = OEÞ; that is, 


2x 4 _b—&®; and conſe- 


"> quently V. . 
| : 2 - 


es Whence the diameter is given V > 255 I — * 
rc | 

y ; Geometrically, . | 

/; Since FEF 4 DG is - (= OD)* = OF\)- 


_ = OFF+AF}, it is evident that FEF—OF\ is 
given =AFI>—DG|. We are therefore to con- 
ruct a right-angled triangle upon the given hypo- 
thenuſe OE, whereof the ſquares of the two legs ſhall 
have the ſame difference as the two given ſquares AFT 


he and DG. . ö 
In order to which, upon OE, let a ſemi-circle be 


=, deſcribed : alſo, from the centers O and E, with radii 
2 equal to DG and AF, reſpectively, let two arcs be : 
Ef, deſcribed, interſecting each other in H; from which 7 
h point, upon OE, let fall the perpendicular HI; which , 
11 will interſe& the ſemi-circle in (F) the vertex of the 

required triangle: ſince it is evident that FE|* OF» 

EI -O- EH. OH- A DGI: | (by con- 
ruction. | | | 

18 | Therefore if in EF produced, FA be taken of the 
ce given length, OA (when drawn) will be the radius 
„; of the required circle. WT: 
a4 | 3 PROBLEM 


100 GEOMETRICAL PROBLEMS, 


Fo © - ST" 


To draw a Right-line to cut two given concentric. Circles, 
OAB, ocÞ, of that the Chords, or Parts of the ſaid 
Line intercepted by thoſe Circles, may obtain a given 
Put the radius OA of the greater circle Sa, and 
the radius OC of the leſſer ; and let the given 

| 5 ratio of AB to CD be that 
of m to n: then, 1 
OE, the diſtance of 8 5 
from the center by x, we 
have AE*—=aa—xx, and CE- 
being AB, and CE=+ 
Cd, it follows, that, aa—xx: 
Bcr: : *: *; and con- 
ſequently M - x* =nÞ — 


| a . 2 mmbb — nnaa 5 : 3 
K*: — = —— toe: means of 
which AB may be drawn. ES 
Geometrically. 


Since the ratio of AE to CE is given, let OC be 
produced to F, ſo that OF may be to OC in the ſame, 
given ratio, (agreeable to the 3. general ob ſeruation) 
then, A, F being joined, the triangle CAF will be 
ſimilar to the triangle CEO; and conſequently the 

angle CAF a right one. Hence the following con- 
ſtruct ion. 3 N 8 b 
Having drawn the radius OC, and in it, produced, 
taken OF in proportion thereto, as AB is to CD {as - 
above ſpecified) let a ſemi-circle, upon CF be deſcribed, 
interſecting the greater of the two given circles in A; 
from which point, through C, draw AB, and tbe thing 
:5 done. ; | C2 2 ref Bn 

It is manifeſt, both from this, and the algebraical 
ſolution, that the ratio of m to = (or of AB to CD) 
cannot 


B 


# , 


-— with their Sol ri 


cannot be given leſs than that of OA to OC, without 
eee Acc fr 


., 
> © 
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7 determine the Radii of three equal Circles, A, B. G. 
deſcribed in a given Circle Eik to touch each other 
and likewiſe the Circumference of the given Circle. 
Let the centers of the ſeveral circles be joined; and 
Jet AO and BO be | | 
produced to biſect 
BC and AC in D 
and E: alſo let the 
radius (OI) of the 
given circle be de- 
noted by a, and 
that of each of the 
required ones by Ka. 
Now the triangles 
BCE and BOD being 
ſimilar, and CE=+ 8 e 
BC, it appears that OD is alſo OB. But OBÞF— 
«4 2 
ODI* is =BDF ; that is, in ſpecies, a- xl 
=xx. Which, ſolved, gives x = 12aa — Ja = 


ax2V 3-3. 2 | 
| 3 Secometrically. 


It is evident that the right - line IK, joining the points 
of contact I and K, is the fide of an equilateral tri- 
angle inſcribed in the given circle: and, that, if in 
OK produced there be taken KL IIK, a line drawn 


from I to L., will be parallel to another line drawn 
from B to K; beeauſe the triangles IKL. and BCK 
(having IKL=BCK, and IK : KL (:: 2: 1) :: BC: 
CK) are equiangular. 
Therefore, in order to the geometrical conſtruction, 
having farſt drawn the radii OH, Ol, and _ = 
divi 
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divide the circumference in three . parts, and 
taken KL, in OK produced, equal to IK; draw EI, 
and KB, parallel thereto, meeting Ol in B; make GA 
and OC each OB; and upon the centers Rig „ 
and C, through A, I, K let the three required circles 
de deſcribed. 


h PROBLEM XIV. 


N agel AB and ABD to be two Ares of a Circ, in cke 

tio of 1 t 33 and that both their Chords ws HY and 

= are given; it is required to find * Rading of the 
wele, 


Let the arch BD be equally divided in 0, und aþon 
AD tet fall the perpendiculars BE and CF ; alfo let AG 
be perpendicular to the radius OB : and put AB, 
AD=56, and AO (=OB) =x. 

It is evident, becauſe AB, BC and CD are all ual, | 
| that AE=DF, and F= 
BGS: -- therefore AE + 
DF =46—#@a, and AE = 
— - It alſo appears that 
the triangles ABE and 
AOG are equiangular, be- 
cauſe the -angle BAD, 
ſtanding upon "hs arch 
BD, is equal to the angle 
O, at the center, ſtand- 
ing upon .AB (=IBD): hence we have, AB /a) : 


AE (=) : : AO G: OG= ES But 
AM'=OAT-+OBI*—2O0Bx OG; that is, in ſpecies, 
4 2A +a — bans ; * Sb Therefore 


. N 5 


From 


1 ; 103 


From the ſame. equation, if the radius AO (ﬆ) and 
the chord (4) of an arch ABD be ſuppoſed given, the 
chord AB. (a). of the ſub- triple of that ehe e be 

. 15 thik — PIE : 


Fo 


Geometricall 4 


The geometrical conſtruction of the propoſed pro- 
blem is alſo obvious from the known value of AE and 
the equality of the angles O and EAB; and is thus. 
Draw AD of the given length, from which take DH 
Ag; let the remainder . be biſected by the per- 

pendicular El; t# which draw AB fo as to be of the 
given length; and upon the ſame, as a baſe, let an 
1oſceles triangle 'AOB be conſtituted, whoſe vertical 
angle O ſhall be =EAB; then it is evident that either 
of the equal ſides AO, or BO, will be the radius of 
the circle. nn | | 
* As to the rrigorcenetrical e, it is s too plain, 
from the conſtruction, to need any thing further to be 
ſaid about it. 
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Cs PROBLEM Xv. 


I Having the Lengths of . Lines AE and cD drawn w/ 
7x From the acute Angles of a right-angled Triangle ABC, | 
ta biſect, and terminate in, the oppoſite Sides; to des 
termine the Triangle. ES 
33 Call AE, a; CD, 3; and 
BD. (or AD) x; then 
will CBA L-; whence 
E BE (=3CB\) ===; | 
and therefore @* ( =AE}*= 
BE. BN) = #==z 
+ 4xx. 
+ Hence 15xx = 44 — bb; 


d £25, 


Geometrically. 89 8 
If EF be ſuppoſed parallel to CD, meeting AB in F,. 
the length thereof, being half that of CD, will 
conſequently be given: whence ABI BFE (=AE}® 
EF) is alſo given. 5 

Therefore the problem is reduced to this; to de- 

termine two lines AB and BF, in the ratio of 4 to 1, 
ſo that the difference of their ſquares may be equal 

to the difference of the ſquares of two given lines AE 

| and EF. ; 

Hence, having drawn two indefinite lines BP and 
BQ at right-angles to each other, take BG, in the 
former, equal to EF ; and from the point G, to Bs 
| . | raw 


draw GH=AE : ſo ſhall ABF-BFÞ (=AE]*—EFk) 
=BH]2 (Elem. Cor. 8. 2), Therefore, if from any 
point Min PB, to BO. the re be drawn MN =4MB; 
evident that à line, HF, drawn from H parallel 
70 N. „will cut off BF as required. — This problem 8 
becomes impoſſible when either of the two given lines 
is ren. than the „ of the 80 . 


The Tang e „ e 15 a Eibe DE; FIRM 
parallel to the Baſe of a given right-angled Triangle 
ABC being known ;' it is propoſed to draw anot 
Right-line CF, fromthe Vertex of the Triangle, ſo that 
the Part thereo 0 (FG) intercepted by AB and E 
be 4 e. to ( 2 97 the WINE: 43:4 = 2 by CA 


Uhui AB let fall Up per- 185 
pendicular GH: 
and put ED ga, CN=4, 
DB Dc, and EG =X-: 
then, from the ſimilarity 
of the triangles CDG and 
GHF, it will I &D (b) : 


DG (a : oor e 5 os 
HF LEED $5 bf Xe onthe 5 1 1 B 


and therefore 2 (Ar. WEL = f- 2 
Whence, by enen Pe Pa: e ee 
and of + aacꝰ f * 9 Foz i 


D ce " © rat 2 . 


From which os ind =—L — e — 


P | Geometrically. 


Since GF is to GC every where in the given ra 


tio 
of DB to DC, GE, in the required poſition, muſt 
therefore be to GC, in the ſame, given, ratio. Hence, 


Geometrically. . 


if, in ED, there be taken EL=DB, and from the 


center I, at the diſtance of CD, an arch be deſcribed, 


interſecting EC in K; then a line CGF, drawn parallel 
to the radius KI, will determine both the length and 
poſition of GF: for it is evident that CG 5 EG: : 
IK : EI : : CD: DB:: CG: GF. and ny 


that EG=GF.—This problem appears to be impoſſib 


when BD is greater than CE. 3 


WIE 4 $377 
*» 


PROBLEM XVII. 


Suppoſing the Area of a Square BE DF, formed within 


a given rigbi-angled Triangle ABC, to be equal to the 
2 of She — ADC, made —— Lines 
from the Extremes of the Hypothenuſe to the adjacent 
Angle D of the Square; it is propoſed to determine the 
Side of the Square. ? ee zu bus 


Ball BC, „ a. 5; an4-BE (or BF hes, 


CE being Sa- and AF=b—x, the area of the tri- 


, xXb=x 


dent that BEDF F 


AFD = ABC, that is, 22 4 —— *. 


angle CED will 677% «AR 


x jt 2 


be „XA 

* 
and that of the 
triangle AFD 


. 


| 2 
But it is evi- 


A MK 
+CED + AFD ADC is = ABC: which, becauſe 
ADC is equal to BEDF, alſo gives 2BEDF+CED+- 


2 


- with their SoLUTLONS. 107 


= =: hence | 2, «==; and '= 
8 Hm > BN 4 
244 Q. E. [. 
| Grmetricalh. 


1 BD be od meet AC in G, and GH by 
| drawn. perpendicular to AB, it is evident that the tri- 


angle ADC will be to the triangle ABC ( AB x 


as GD : GB, or as HF to HB /Elem 8. and 14. of the 4): 
and it alſo appears (by Elem. 14. 4. If edit.) that HB x 
AB AB+BC is =ABxBC. Therefore it follows that 


triangle Abc: LE : HF : HB : HF x 
— HB x Al — BC ; and conſequently that the 


cine ADC = HF x EE = HF x BK; 
AB x BC 


taking BK (in AB produced) equal to 


Hence, 141 being ( ADC) =HF x BK, the IF | 
under | conſideration is reduced to our 7 problem ; 
and the geometrical conſtruction will, therefore, be 
as follows. 

HFaving drawn BG (to bile the angle ABC) and 
GH perpendicular to AB, and alſo taken BK equal to 
half the ſum of AB and BC {as above 3 let 

a ſemi-circle, upon HK, be next deſcribed, . inter- 
{-Qing BC in N; from which point, to the middle of 
BK, fe NM be drawn ; then make MF MN, and 
BF will be the ſide of the ſquare; as is manifeſt from 


the: Ems * quoted. 


P2 PROBLEM 
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-. -- PROBLEM: XVIII. $. 
Having given the Hypothenuſe AC of a right-angled 
Triangle ABC, and the 2 Boy 146 | 
and CD, drawn from the Extremes thereof to the 
Center D of the inſcribed Circle; to determine the. re- 
maining Sides AB and BC, of the Triangle. | | 


Upon CD, produced, let fall the perpen 8 AH; 
af 
//\ &, DC=y, and the 
2 ' given difference, x—y, 


It is evident that the 
angle ADH is =DAC 
+ DCA = FBAC +4 


| 
BCAA a right angle; 
= > B and therefore AH D 


\ _ _ AD =x | 


+AD*+2DHx CD=AC>; that is, in Species, y*+ 
e . Which equation, by ſubſtituting 
x=b inſtead of y its equal, and denoting 2 by c, 
becomes *—2bx+Þ +x*+cax*—cbx=a* 5 that is 2+c 
„ -Z Te * bx + H: whence „ 
aa — bb | 25 5 


© 
2 +c 


and x= 


+36b . 4 
. Geometrically. | 
The geometrical conſtruction of this problem, as 
the angle ADH is given (= a right angle) is ex- 
ceeding obvious: for, if DE be ſuppoſed DC, fo 
that AE may expreſs the given difference of AD and 
CD, the angle DEC (ſuppoſing CE drawn] will be 

given ADH. Therefore the triangle AEC, by 
means of the given angle AEC, and the two given 
ſides AE and AC, may be conſtructed. And then, by 
We producing 


and make AC ga, AD © 


Ane stories ieg 


producing AE, and making the angle ECD DEC, 
the point D will likewiſe be determined; and conſe- 
quently the radius of the circle, by letting fall a' per- 
pendicular DF, upon AC: whence the circle itſelf 
may be deſcribed; and two lines may be drawn from 
A and C to touch the ſame; and thereby form the 
triangle ABC, as required. Dt PPD ab 
Ks PROBLEM XIX. 5 
Having the Baſe AB, the Perpendicular CD, and the 

' Ratio of the two Sides AC, BC, of a Triangle ABC; 
to find the Sides. 32333 


Call AB, a; CD, 5; and AD, æ; and let the given 
ratio of AC to BC be expounded by that of m to n. 
Hence BD=a=x; AC] (CBT -) =3b+xx 
and BCI ( = CDT DH) = 4b + aa — zar + xx: 

N „ and therefore 
22 3 2 * . 8 mm : nn::bb 
+ xx : bb N. 
| | 8 aa — 2a Tx. 
1 | | From which, 

5 buy multiply- 

| © — ing extremes 

A. n O and means, 

we have f 2mπ + m = h T 

whence mm un X xx — 2mmax un mm X bb ma; 
. 0! — : Which, ſolved, 

mm un mm un e 


mma, mna . 
mm —nn — mm un 


and xx— 


gives æ 


| Geometricaliy. 


The geometrical conſtructioꝑ of this problem is given 
by Elem. 1 5. 4. I edit. For, if the baſe AB be divided 
at E in the given ratio of AC to BC, and, in 
AB produced, there be taken, EO, a fourth pro- 
. | | . portional 
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portional to AE BE, AE, and BE, it is there demon- 
Atrated, that two lines drawn from A and B to meet 
any where in the circumference of a circle deſcribed. 
through E, from the center O, will be in the fame given 
Tatio of AE to BE. Whence it is evident that the in- 
terſection of the ſaid circumference with a right-line 
FG, drawn parallel ts AB, at the given diſtarice DC, 
will determine the vertex of the triangle. 825 


PROBLEM XX. 


| 

| Havinę the Baſe AB, the Perpendicular CD, and the 
| | Difference of the two Sides, AC and BC of a Triangle 
| 

| 

| 

| 


ABC; ts find the Sides. FE 
Making AE = JAB =, CD=5, Ac-BC 4, 
C and ED = x, we have AD 
ö 4 T, BD=a—x, ACS" 
„ SR. 
| Ta; and conſe- 
Ty 7 \ quently VB+ a+ d*—d= | 
3 E D RB VH AE. Which equa- 
tion, ſquared, gives bb TATA 24 WT +a +s|* 
+dd—bb+a—xÞ; and this, by reduction, becomes 
| Aar Ldd aA % TATA. And this, again ſquared, 
produces r6a*x* + 8addx + d+ Add x bb+aa+2ax+xx; 
or, T64a*%x* þ 44 = 4dd x aa +bb+ 4ddex: Whence x= 
| 4ddX aa+Þb—d* | | 
; 16aa—4dd 
The geometrical-conſtruCtion of this problem being | 


only a particular caſe of a more general one, given at 
large hereafter {problem 49) I ſhall not inſert it here: 


but obſerve, with reſpe& to the algebraical ſolution, 
that, if 4 be ſuppoſed to denote the ſum, inſtead of the 


difference, of the ſides, the value of x (or DE) ** 


. ͤ—̃ — ͤ fa. — 
— —— [—＋j—üw ——— — — — — — 2 —— 22 


- 
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de given, d the very; equation. above exhibited ; a2 3s 
manifeſt from the proceſs. 


„ een XX7.7, 0 
Having the Baſe AB, the Perpendicular CD, and the 


*. 4. 1 * „„ 
1 ; 1 1 
4 F 


: 
<< 


. Reftangle of the two Sides AC and BC , of a Triangle 


ABO; te determine the Triangle. 


blem, and making the given | 
rectangle. e, we have @ 
Vbb+ta+x x Vbb+a—xf | 
== c* ; and'' therefore 
Bras e 
“; that is + a +235 \ 
: :+.a* SY 2 a* x2 + ** 241. A 
Whbence +* +23b—2aa x ** 


Which, ſolved, gives x='x/ aa—bb+x/* -A. 


By retaining the notation of the preceding pro- 


2 * 
. 


Geometrically. 


i The magnitude of the rectangle under the two un- 


known lines, AC and BC, being given, two other 
Iines muſt, therefore, be aſſigned, containing an equal 
rectangle; whereof one being given, the other will 
alſo become known. Vid. ob ſervtion 5, p. 88.) But 
it is known that the rectangle under the, iven, per- 
pendicular CD and the diameter of a M circum- 
ſcribing the triangle, is equal to the rectangle under 
the ſaid, unknown, ſides of the triangle {Elem. 25. 3): 
hence the diameter of the circumſcribing circle is 
given; and from thence the following conſtruction. 

Find a third- proportional to CD and the fide of the 
ſquare, expreſſing the magnitude of the propoſed 
rectangle; and with the half thereof, from the point A 
(or B) deſcribe an arch, cutting EF, perpendicular to 


A 


LN 
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AB, in > from which ea as a center, with the 


ſame radius, let a circle ACB be deſeribed; then a 
right-line, GFG, drawn parallel to AB, at the given 
diſtance DC, will interſect the faid circle i in the ver- 
tex of the trian gle. ke : 


PROBLEM XK. Bp 1 75 


* Len Lengths of three Lines AE, BF and CD, Aue 
Angles to the Middle of the oppoſite Sides. 7. a 
mt, 7 given; to find the Sides. 520 
Put CD=a, BF =, AE =% AB = x, 'AC=y 
adnd BCS . Since, 
by a known pro- 
perty of triangles, 
H NF + Bk = 
* 20h. + 2AD1» 
Elem. 11. 2) we 
ave y* + 2* = 248 
| | ＋ 4, and there- 
fore ede. In the ſame manner 
Tab. 


4 rA S. 


From whence (by taking the former of theſe equations 
from twice the ſum of the two latter) there comes out 


4% +I =2X2P+20-@: and conſequently 


x =44/ 26 + 2*—a*, By the ſame argument, 2 
| q Va +20; and z=34/ 2 +26 —0, 6h 


Geometrically. 


If CG and CH be drawn parallel to AE and BF , 
meeting AB, produced, in G and H; it is plain, be- 


cauſe CES BE, and CF AF, that AG=AB=BH ; 


and alſo that CG=2AE, and CH=2BF. Therefore, 
the two fides CG, CH, and the line CD, biſecting 
the baſe of the triangle GCH being given, the 


diagonal CI '(=2CD) of the parallelogram GCHI r 
| we 


53 


5 
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well as the ſides) will be given (Elem. 12, 2). Hence, 
in order to the conſtruction, let a triangle CGI, 
whoſe three ſides are equal to the doubles of the three 
given lines, be conſtituted, and draw GDH to. biſect 
CIinD; alſo ſet off DA and DB, each equal to 4 of 
GD; join A, C, and B, C, and the thing is done. 
From this conſtruction we have the very ſame 
numerical ſolution as from the algebraic proceſs : 
for, ſince, 2GDÞ + 2CDÞ = COGÞ + CH 
(Elem. 11. 2.) = 4AEPF + Ff, thence is GD = 
x/ 2A E | + 5:33, — CDI, and conſequently AB 


(=4GD)'=4 \/ 2AE* + 2BFÞ BE. By the 
conſtruction it alſo appears that no one of the three given 
lines muſt be greater than the ſum of the other two. _ 


PROBLEM XXIII. 


All the Sides. of a Triangle ABC being given ; to nd the 
Perpendicular CD, the Segments of. 4 Baſe AD and 
BD, together with the Area of the Triangle, 


Put AC=a, AB=b, BCS, and AD=x: then 
BD=4=x; M _ 
Sk (= CD*),= = 
— **; that is, & — 
b + 2 * = a* — 
„*. Whence 2bx= 
* 1 — , and x = 
aa ＋ cc 


| e A... DS 
Now D- ACF -= = ATFAD x AC-AD 


2 3 art 266+ le, 
= 26 2 | 26 
—aa+2ab —bb+cc__ STal⸗-— -a 
„ I 2 T 23 . | 
Q | Hence 


an - 


—— — 
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Grometrically, —— 


From the center A, with the radius AC, let a ſemi- 
circle ECF be deſcribed, cutting AB produced in E 
> and F; ſo that BF may be the ſum, and BE the dif- 
8 ference of the ſides AC and AB: alſo let EC and FC 
be drawn. 1 E 
Then will FC]*=FE x FD. (=2AF x FD) ; and EC- 
=FExED (=2AE x ED), by Elem. Corol. to 20. 4. 
Alſo FCH = F- FC (2AFxFD) —2FBxFD 
=BF\* —=2ABx FD /Elem. Cor. 2. to g. 2): and likewiſe 
BC-=BE=+EC,* (2AExED) —-2EBxED=BE*+ 
o. rene” oo 6 
Hence it appears that 2AB+FD is =BF}*—BC}: ; 
and 2AB x ED = BC1* — RE]: and, conſequently, 
that EF — BC x BCÞ — BEN = 4ABI* x FD x ED 
=4AB? x DC (by Elem. Cor. to 19. 4). Therefore | 
XX 1 T—BC]* x BC1*—BE]> = the area 
of tha triangle, as before. e 


From whence it appears, that the area of any triangle. . 
will be determined by finding the Differences between the 
ſquare of any one of its fides and the Squares of the ſum, 
and difference, of the other two; and then taking 4 of 
the ſquare root of the product ariſing by the multiplication of 
the ſaid differences into each other. 5 


— — —ũ3— —— —ä——̃— — —— — —— 
* 
” 
. * P 
” 
* 
- 
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PROBLEM 


_ 


BD BE, and CF CE: 


= BO: take each of 


and from AC, we allo have BD = 1 


weird their Sorvrrons. 115 
PROBLEM XXV. 


Having all the Side, of a Triangle ABC; to find the 
e Radius n infra Opel DEF. ff | 
From the center O, to the angular points and the 
points of contact, let lines be drawn; and, upon BO 
produced, let fall a perpendicular a. 
It is plain, in the farſt AH 
place (becauſe OD=OE 
= OF) that AD =.AF, 


therefore, by addition, 
BD + CF (= BE + CE) 


theſe” equal quantities 
from AB+AC, and there 
will remain AD+AF= #£- 
AB:+ AC — BC; from 4 


ME 


whence (AD being AF) e get AD (or AF ) = 


— . By ſubtracting of which from AB, 
8 | BCA 
| wp 


2 


nl CF= AC+BC-AB 
; 7 2 


1 Moreover, it is evident that the triangles AOG 94 
COF are ſimilar : fer the ſum. of all the angles at t 
center, DOE+DOF+FOE being = 4 right angles, 


the ſum of their halves, BOD+DOA+COF, muſt 


be = 2 right angles = BOUD+DOA+AOG; and 


conſequently COF=AOG. 


Now let the values of AB, BD, and' CF ( found 
above) be denoted by a, ô and c, reſpectively ; and put. 
OD (OE=OF) =x: then, it will be BO ( bb +a): 
OD x) :: AB (a+}): AG = . : and BO: 
R SE. ; er N 
fe Q 2 +7 BD 
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BD : : AB: BG . | Therefore OG 0 


1 . Ht ax 13 
BO), = * _ = ok ; 


o:: CF : OF; or ar br: ab—xx: : c 8 
whence ax* + bx* = abc — e „ and conſequently E 
abe : 


4 bre 


Grometricalh. 


Let DO and AG be produced to meet each other in 
H. Then, by reaſon of the fimilar triangles, it will 
be, AB: HO (:: AG : OG): : CF: FO; and 
e by A Se and compokition,: AB TCF: 
CF:: : HO+FO (HD) : FO (OD) :: HDx OD: D-. 
But HDxOD is =ADx BD (Elem. 24. 3) : there- 
fore. we have AB+CF : CF : : ADxBD : G 
ADx BD x CF | 
"ADFBD+CF 
From this concluſion, the rule in common practice, 

for finding the area of a triangle, having the three 
fades given, is eaſily deduced : for it is evident that 
the area of the triangle ABC is equal to the radius 
(OD) drawn into the half ſum of the ſides (AD TBD 


+BF) ; that is =y/ AD+BD+CF x ADxBDxCF. 


Where AD, BD, and CF, are the differences between 
the half fur and each particular fide. 


ng the v very ſame as before. 


PROBLEM 


| wil their SOLUTIONS. 5 __ 
. PROBLEM RXV, | | 


ere zer. 24 Tange rid 
thereg to determine t e t 
un of , bes. | 


Lek AB and BC be the propoſed ares, hereofth 
iven tangents are AD and CE; and : 
Ge the former. of theſe be continued / ©: 
out to meet the radius OC, pro- 
duced, in F; ſo ſhall AF be the tan- | 
gent of AC, the ſum of the ſaid arcs. 
Now, calling AO, ; AD, ; 
CE, u; AF, x; and FO, y; and 
| making DG perpendicular to FO; we 
have (by femilar triangles) OF : 'AO 


(r) :: DF fan) : DG = 1 


Alſo OF 00 AF (#) : : DF . roger, : 
from which laſt we have OG (= OF — FG) = 27 
be i Nr PRES (becauſe omen 

But OG (Ze). DG ==. : OC . 


CE (n), and and confoquent] rin = ee Whence 
rr x ar AB 6 AO x AD+CE. 


Tm F- ADE 


X 


Otherwiſe 
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; 1 A 7 * „ 14 Þ 
. 4 0 - " £ 2 
* : 


Let AD and AE be the tangents of the two ares AB 
„„ and AG; and: BF that of 
their ſum BC; alſo let EG be 
drawn perpendicular to OD, 
+  "interſefting the radius OA 
Cin H. Then, by reaſow of 
the ſimilar triangles, it will 
be AO : AD: : AE : AH. 
. And, OH (AO — AH) : DE 
(C: On:: e * = 
 _AO2xDE _AOÞxADFAE,, oo 
— =: ; becauſe, by the 
A AOA AO5—ADxAE A reanng 
proportion AO x AH=AD x AE. Which conclufion 
is the very fame with that above. = | 
I the tangents of the arcs AC and AB 77 1.) 
0 


were to be given, in order to find the tangent of their 
| ES... 


difference BC; then, by the proportion 


Me :: 7: # (above derived), we ſhould have » = 


2 er Op EA 
renner AF x AD 
PROBLEM XI. 


The Ratio of the Sines DE, F G of two Arcs AD, AF, | 
of a given Circle, together with that of their Tangents - 
AB, AC being Ziven; to find both the Sines and the 
Tangents, 5 ö | f 


Put the radius AO=a; and let the given ratio of 
A to AC he that of m ton; moreover let DE be to 
FG 


9 


| FG as p to 25 and eee x 3 and AC, L ied 

h femilar wel OB> le re] 2 15 

| : (): 5 T | 

and OJ" ( NN. * 
: : ON® (*): FG = 

— 25 by the. queſtion, N. 


| a de e alſo ha m:int:x . "a8; 
which value, ſubſtituted in the preceding equation, 
gives. LED PTS =o xt +8: whence | 


r = n and x 
From wich Ac, DE: and 'x G 


Pa ne, Geometrical. | 


Since the ratio of AB to AC is ziren, as to n 
GK (ſuppoſing K to be the interſection of FG and 
OB) vill be to GF, in the fame given ratio : and, if 
(agreeable to the 3 general obſervation.) KH be drawn 
parallel to AO, meeting OF in H, OH will be to OF 

1 in the ſame given ratio. | 

Again, if DI be drawn parallel to AO, iQ, Jaoating OF 
in 1; then OK: OH (:: OD (OF): DE) 

: 2: whence OK is alle given; * from thence 
the! —_— conſtruction. 

In any radius OF of the- given circle, take OH to 
OF in the given ratio of m to n; and upon HF let a 


e be deſcribed: take alſo a fourth pro- 
portional 


: 
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| portional to Ho 95 = OH; with which, as a radius, 


ory nd r per eribe an arch, cutting the 
emi-circle in an avi en HK, m A 
porglle e — hag 255 2 a 


J ROLEM Kl | 

The Sick 5 the K e e c, 
e a e 0 ' Triangle ABC,. 12 + : 

to determine the 1 ee 


Draw the Jiagonal 12 of the Lhuars; : "hd fromthe 
center O of the given circle, to the points of contact, 
C draw the radii OG and OP; 

and upon the hypothenuſ * 

let fall the ndicular | 

calling the fide of the Ta 

a; the radius of the circle, 3 
and AQ, x: then becauſe 
E of the parallel lines, we ſhall 
gp 0 (4-6): BF (e): ( 


: :) OP (3) : BQ=—=: 
* whence D. (=v/ 5 305 


A. 9 7 l 


„ , is alſo given. 


Le it, for breviry-ſake, be denoted by c; wt ler 2 50 


| 80 then we ſhall have, AQ(s)-; BQ(4) ::BQ 
(4): CQ==; and alſo {by Elem. 18. 4) AD C 


CD (Ze: AB: BC: A BQ/d); bene 
by multiply ing extremes and meats; we get dr Ted | 


Ae and, from thence, * =- ==, < By n means 


. N thing elſe is readily found. 3 5 
| | Geometrical. 
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8 Geometrically. 


The e conſtruction, and the trigonome- 
trical ſolution of this problem are very eaſy. For, 
ſince the poſition of the point D with reſpeCt to the 
circle, is given; a right-line DPA drawn from thence 
(by Elem. 21. 5.) to tough the circle, will determine 
the triangle: and then, from the given lines O 


and OD, the angle A may be found: by means 


whereof and AB => 55 £ 0 . re angle) together 
with the given ide BD BD, all the ret will become 
known. | WS, 


; PROBLEM XXVII. 


To determine the Sides of a regular Pentagon and Decagon | 


| .. inſcribed in a given Circle, 
Let AB, BC, CD, Ec. be fides of, the 2 


and AC a fide of the pentagon: and let AD be 


drawn, interſecting the radius OB in P. It i is evident 
in the firſt place, that NM. 
the angles BAP and ; 
OAP, ftanding on | 
the equal arches BD BH, *- 
and BF, are equal to A 
one another, and allo _ // 4 
equal, each of them, ES 
to the angle AOP, A Q 
infiſting on the arch Fe 
AB Elem. 10. 3.) And 
ſecondly, rio the 
triangle BAP (as 
well as APO) is an 
iſoſceles one, becauſe the perpendicular AnC, "ROE 


8 


oqual angles BAC, DAC with the two ſides AB, AP 


the triangle. Hence it appears very plain that all 
the three lines AB, AP, and OP are equal among 
themſelves; and likewith that AO (OB): AB (OP): 


OP (AB) : BP (by Elem. LIN 4.) ſeeing the angle BAO | 


1 
. 5 pe of 5 , , - 1 - b 
er ia —— — I ee, 2— — K * * A — —— — * _ ers. ategros ed I — — 4 — - 8 *. x 
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is biſected by AP. Moreover, by letting fall the two 
perpendiculars PQ and CM, upon AO and ABM, the 
triangles BCM and APQ (as BC is =AB=AP, and 
the angle MBC=MAD=PAQ) will appear to be 
equal in all reſpects; and ſo, BM being (AC) = 
FAO, we have AN (=BC1*+AB|*+2BM x AB, 
Elem. 11. 2.) =BC|*+ABF+AOx AB. But, by 
the above proportion, AB]* is =AOxBP :  there- 
fore, by writing AOxBP in the room of 'AB|*, we 
get Ac = BCI* + AO x AB AO x BP =BC}» + 
AOÞ : whence (BC being firſt found) AC will alſo 
become known.—If AO be now denoted by a, and AB 
by x; then from the equality of ABP and AO Bp, 
you will have * a , from which x will be 


found * = — and from thence AC (28; 
- == oh 3 | 


As to the geometrical conſtruction, it likewiſe very 
. ealily follows from above. For, ſince the fide of the 
decagon appears to be equal to the greater part of the 
radius divided according to extreme and mean pro- 
portion; and the ſquare of the fide of the pen- 
tagon exceeds that of the decagon by the ſquare of 
the radius; the following ſolution (given by Dr. Barrow, 

as an improvement upon Euclid s) is manifeſt. 

Draw the radius OR, at right-angles to the diameter. 
AF; and, having biſected the radius AO in Q, let 
Qs be taken, in AF, equal to the diſtance QR: ſo 
mall OF: OS:: OS: Fs (Elem. 19. 5.) and conſe- 
quently OS=AB the fide of the decagon. 

And, becauſe Kö] (ſuppoſing RS drawn) is Od! 
+QOR), it is plain alſo that RS will be equal to the 
fide AC of the pentagon, _ SIO NES 


; PROBLEM 


I 


5 aut their — 5 123 
PROBLEM XXIX. 


Hav 8% 2 455 ? AC of a right-an ed: ans le 
9 alſo the Radius of ' the in cribed Circ | 
'DEFG; to find the two. Legs AB and BC. 


From the center D of the given circle, to the points 
of contact, let = * „ and DG be drawn ; - alſo 
draw AD and CD: N ou ff 
and. put DE (= 15 | 4 . oY 
DG.S DEM: tne © PN 1c f5 th 
AC = B, AB =, 2 Yo 
and BC= | 

It is evident that 
CE muſt be =CG 
=) —a; becauſe | 
the right.- angled Bo. 8 | 
ee, CBEand A. FB : F 1 

having DE = DG, and CD common, are equal 
in all reſpects. In the very ſame manner is AE AF 
TT 4. 

Therefore y—a+x—a=b (=AC); from which 
equation we have + ee e But, from the pro- 
perty of right-angled triangles, we alſo have xx+y= 

And, if from the double of this, the ſquare of 
the former equation be ſubtracted, there will remain 
xXx — 2x) + yy =bb —4ab — 4aa. 

From whence, by extracting the ſquare root, on 
both ſides, we get x—y=4/ 3b —4ab—4aa. Which laſt 
equation, added to, — ſubtracted from, the firſt, 


gives 2x=24a+b+4/bb—4ab—4aa, and W 
Vun be, 


Geometrically. 


Seeing the difference between each leg of the 
triangle and the adjacent ſegment of the hypothenuſe, 
is equal to the radius of the circle, it is plain that the 
ſum, of the two legs OA ks will exceed the _ 

0 
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of the two ſegments (or the whole hypothenuſe) b 
. twice the radius; and will therefore be given =A 
| © +2BF. -' Whence, if Bl be ſuppoſed equal to BC, Al 
1 vo will likewiſe be given = AC +2BF, and the angle 
4 BIC half a right-one. Hence the following con- 


1 ſtruction. 5 e ee 
Draw an indefinite line, in which take AH equal 
to the given hy pothenuſe, and H equal to the diameter 
of the given circle; alſo make the angle AIN equal 
to half a right angle; and from the center 'A, with 
the interval AH, let an arch be deſcribed, meeting 
IN in C; from which point upon AP let fall the 
perpendicular CB; ſo ſhall AB and BC be the two 
legs required. V 


f ; ; es Aa . 
FR PROBLEM. KXKoris 
The Perimeter, and the Area, of a rigbi-angled Triangle ö 
*"M ABC being given; to determine the 77 r1angle. ; 
Put the given perimeter (AB+BC FO =p, the 
Fa N Rc area (FAB x BC) 
| Sa; and let half 
the ſum of the legs 
2 AB and BC be de- 
| noted by x, and half 
E. their difference by 
2. y:, then, AB be- 
ing =#+3, BC 


| + X — y, and A — 
A H Q I pax, we ſhall have 
x+y X= (=ABxBC) = 222; and ETA 
(=AC*) Dey; that is, by reduction, xx—yy=24* ; 
and 2 X ＋ 2 = p —4þx + Ax. 
Now, by * Audition of the latter of theſe 
equations to the double of the former, there ariſes 
Ax = pp Ab& +4xx ＋ 4%: whence x comes out = 
Eb From which value that of y = 
Az, will likewiſe be given. 


_ a 3 i — 1 —1 1 — 
7 ' > 139931 watt py — N — — a 2 
- G . . * 8 * > ne C — — —„—— — wore ous - 
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0 . ; | : 5 = 2 
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I from the center D, of a circle inſcribed in the 
triangle, lines be ſuppoſed drawn to the angular 
points, the propoſed: triangle will, by that means, de 

divided into three others ADB, BDC, and ADC; 

whoſe baſes are the three ſides of the firſt triangle, 
and their perpendiculars all radii of the ſaid circle. 

From which it is evident chat the triangle ABC is 


ual to a rectangle under half the ſum of its three 
ſides (which we will here expreſs by the given line 


AQ) and the radius DF of the inſcribed circle; and 
conſequently that the radius DF will be given by 


taking a third proportional to AQ and the. ſide {a} 


of the ſquare exprefling the given area, Whence, 
making QH and QI, each, equal to DF, ſo found; 
it will appear from the preceding problem that AH 
will be = the hypothenuſe, and AI = to the ſum of 
the two legs, of 


f the: propoſed triangle: which quan- 
tities 5 both given, the method of conſtruction is 


* 


manifeſt from the laſt problem. 


PROBLEM 
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PROBLEM. XXXL. 


Sum, ar Difference of the A AC Fay” Bo of . 
1 right-angled Triangle. ABC being en, 7 AB 
: with the {Jo or Difference of the Iypothenu e f 
and a Perpendicular CD falling thereon from the 
Right-angle ; to find all the Sides of the Triangle. 


Put AC + ο een BG 4 AB+CD=g, 
„ AB-CD =: 
then will AC 


B e 


| „ ON. 
— but I- AC AN- and AB x CD (= 


= bis ABC) =ACxBC: which, in 1 ſpecies, 17 55 | 
| 7 47717 , 
and p* —gq* -d. | 

By adding, and uber ding the double of the laſt of 
theſe equations to and from the former, we have theſe 
two other equations, 

VIZ. 3 +2pq —f=45, 
+2pqg+34 =44*. | 

From mY _—_ — two of the quantities, Ss, d, 
P, 2. arè given, the other two will, eaſily, be deter- 
mi 

Thus, let 5 and p be given; ths, from the former 


equation, we have q —2pg=3p* - 4 ; whence g* 25 
+p*=4p* 4 ¹, and p—=q=24/7* 3 therefore CD 
(== = / p*—8, and AB=p—a/P —H, 


2 a 
If 4 and 9 be given; we ſhall have CDS gd; 
becauſe g n or 5 . (p. above.) 

ut, 


2 


— 
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Bui; if 's and 4 be given, then will 35 4 278 
4 +4* ; which, ſolved, gives p ZT -l. 
Laliy, if 4 and p be given, we ſhall have 3% ap- 
=44* +p*, and conſequently q=34/3d4d+pp —Ip. . 
| *Geometrically, * hs | | 
The very ſame properties whereby the algebraical 
ſolution is above brought out, lead us alſo to geome- 
trical conſtructions of the ſeveral caſes of the pro- 
blem under conſideration. But it will be ſufficient, 
here, to exhibit that of the caſe, wherein the ſum of 
the legs (AE) and the difference of the hypothenuſe 
and perpendicular (AF) are ſuppoſed given, being the 
moſt difficult. | | — 
Thus, becauſe AC]*+BC!2—=AB]?, 
and 2ACx BC (=2ABx CD) =2ABxBF; 
we ſhall, by adding theſe equal quantities, 
have Ach ＋BO-＋H AC x BC (or Ela, Elem. 6. 2.) 
=AB,*+2AB x BF =AB|*+2AB x AB—=AF=gABI*— 
2ABxAF., | 
Therefore, if an arch, from the center A, with the 
radius AE, be deſcribed; and, from its' interſection 
(H) with FH perpendicular to AE, another arch be 
alſo deſcribed, with the radius 2AE, cutting AE pro- 


duced in N ; then the hypothenuſe AB of the required 
triangle, will be J of the line AN. thus determined. 


For HN. (4AE}®) being AN AMI (AE) 
—2AN x AF (Elem. 10. 2.) and therefore 3AEP=AN]® 
—2ANxXAF; it is plain, if AB be taken AN. 
that 3AE'*=3AB x 3AB—6AB x AF : and conſequently 
_ AEÞ = 3AB? — 2AB x AF, the very ſame as 

obe. 6 


From the value of AB, thus given, what yet re- 
mains to be done, will be effected with great facility. 
For, if in FH there be taken EK FB, and KC 7 44 


drawn 
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drawn parallel to AN, interſecting a _ſemi-circle, de- 
ſcribed upon AE, in the point C, That point will, it 1 is 
evident, be the vertex of the triangle. PX 


LEMMA. 


If « Line ie dan Mi m the Vertes to a Doc in the 
Baſe of a Trian 6 
the Squares of the two Sides and the alternate Seg- 

ments of the Baſe, will be equal to the Salid under 

| the whole Baſe and its two Segments, together with 
the Solid under the ſame Baſe and the Square of the 
dividing Line. 


Let ACD be. any propoſed triangle, and BH the 

| D dividing line; then, 1 

ſay, that AD}* x BC + 

D- x AB= AC x AB 
xBC+AC x BD... | 

For, if AB and CB 

be biſected i in M and N, 

and a perpendicular DE 
be let fall upon A | 


is known, 


EN 
- FAD? — BD* = AB x 2ME Elem. 9. 9 of 2. 
* ſeb. — = BC x 2NE { Cor. 4 | 
Whence it follows, 
that A- x BC — BDF x BC = AB x BC x AME; 
and CN1* x AB — BDF x AB = AB x BC x 2NE. 
Let theſe equal quantities be added together, and the 
ſums will alſo be equal ; 
that is, AD x BC + CD) * AB — AC * (= 
ABxBCx2MN) =ABxBCXxAC; and conſequently 
AD = BC HCD. * AB= ACx ABXBC+ACxBDÞ. 
Q: E. D. 
Conor. 1. Hence, if AB=BC, then will ID 


| +CD*=2AB*+2BDV. 


Conor. 


Conor. Vo. But. if AD=DC, ** have 
x BC + CI* x AB ADN BC + AD'»-x 

AB=ADÞ AC: whence ADÞ x AC = AB x BC 

xAC+BD}*x AC; and conſequently ADÞ=ABx 


BC+BDF. 
CoroL. _ i 5 angle ADB = the angle 
.CDB (or AD BC, Elem. 18. 4.) then 


AD x BC being 40 it follows that XU BC 
= AD x CD AB; and that C * AB AD x. 
CD x BC. Hence H x BC+ CH- x AB=AD 
x CDx AB+BC= ADx CDx AC = ABxBC x AC+ 
BDF x AC 3 and ny AD x CD= 
2 | 1 


5 5 PROBLEM XXXII. 


From three given Poon & , B, C, in 1 . 
line, to draw as many Tones, to meet an. a — 
2D, 7 as to obtain a given Ratio among 1 


| Can AB, a; BC, I, AC, e: and AD, «; and let AD, 
BD, and CD be, | 

in proportion to 
one another, as p, 
7. and r, reſpec- 
e ee. | 


TAG 0 


* 


ſhall, I the aal hd have EY * 4 
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r * bpp T OO 

After the ſame manner the problem may be reſolved, 

when, inſtead of the ratio, ſums, the differences, 

or the rectangles of the three lines, are given. 
| Geometrically. 


If from any point E, in BD, two.lines EF and EG 
be ſuppoſed drawn, ſo as to form the angles BEF and 
BEG, reſpectively, equal to BAD and BCD, it is 
evident, from the ſimilarity of the triangles BEF, 
BDA, and BEG, BDC, - e S 
* . BF : : BA: BD. | 

BE : BG : : BC: BD. in 
And, conſequently, that BF : BG : : BC: BA. There- 
fore, if BF be taken =BC, BG will be AB. 
Moreover, from the abovementioned, ſimilar, trian gies, 
© = RO 6.8 (: : 9 : :: BF (BC) : F 
es BD: CD (:: : ):: BG (AB): GE. 
Whence FE and GE are given; and from thence the 
following conſtruction. 5 | 

Take BF=BC and BG AB; alſo take a fourth 
proportional to 3, p, and BC, and another to , 7, 
and AB; and, with theſe as radii, from the centers 
F and G, let two arcs be deſcribed ;' and, to tlieir in- 
terſection E, draw BE and FE; alſo draw AD, makin 
the angle BAD=BEF, fo ſhall its interſection wi 

BE, produced, be the point of concourſe required. 
The trigonometrical calculation, from this con- 
ſtruction, is — 7 ſhort and eaſy : for, all the ſides of 
the triangle FGE being given, the angle F may be 
found; then, in the triangle BFE, two fides and the 
included angle being known, every thing elſe is readily 
determined. It may be obſerved that there is another 
conſtruction of this problem ; by means' of the inter- 
ſection of two circles, ſo deſcribed that lines drawn 

from the given points to meet in the peripheries thereof, 
may obtain the given ratios ( ſee Elem. 15. 4. 1/ edit.) 
but the method given above I look upon as preferable. — 
| 1 As 


oy” Wy Ld 


6 


PF 


Le. ** 2 en 


* SA 


5 Va cc 
| being equal x becomes =\/ n —Bb. 


ſ 
lr 
1 
fl 
) 
* 
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As-to the iN it is plain the problem becomes 


impoſſible when the two circles, deſcribed from C and 


F, do not meet each other; that is, when g is given 
either, leſs than the difference, OTA: IP 


of E and . 


| PROBLEM xxxlII. WR IN 


Them Sides Ab, b. of a Trian TE given in 


Length, together with the Length of a 
the Baſe AC in a given Rates z fo kei the e 
or Line /o droided. | 5 : 


Call AD, a; BD, 'S$ CD, c; and AB, x3 and ſet 
the given ratio of 'AB to | 
BC be that of m to x. Hence 


BC ==, and AC (=x 
m 


4X = Sax And 
therefore, 15 the lemma, 


— 
— ——— — 


a KK 1 
m 


Whence, by redution, e- 
Tu xn. 


a Ant 3 —A | 


If DB be ſuppoſed: ANG os tas; then, x ant» 


5 But, if DB be ſuppoſed to biſeRt the vertical TY 


we ſhall have m: n (:: AD: CD): : 4: c (Elem. 18. 4.) 
„ 8 * | Whence, 
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Whence, by writing a and e baer of mand 1, our 
„ = 
equation | becomes x. ( = wo 8 = 


7 e 
| ", * 
a* 168 8 
| Geometrically. 


bh any ri right-line EG, at pleaſure, let there be take 
EF and FG in the given ratio of AB to BC; and, 
from the points E, F and G, let three lines be drawn 
to meet in a point D (by the laſt problem) fo as to ob- 
tain the given ratio of AD, BD, and CD, reſpeQively : 
- thin, if 54 be taken of the given length, and ABC 
be drawn parallel to EFG, it is manifeſt that 4 
will be the triangle required. 


= PROBLEM XXXIV. 


Suppoſing two Sides AC, BC, of 's Ne ABC, to be 
given in Length; and that two Lines BE, AD, drawn 
fn the ge Angles, to cur = given Sqm AE, 


Put cr, AE= B, ee Fm Ca 


AB = , and AD 
| 5 or r BY). =. Then, by the 
lemma, we have the two fol- [- 
' | lowing equations. © 
Xxx ag fab +f * x, 
Fax dT Xc=ged+pg x wy 
From the former of Which, 
multiplied by g, let the latter, 
multiplied by f, be ſubtracted, 
R and there will ariſe os —of* 


A 
+ age —of ie 


Thereſore Re LE 2 n . 


Geometrically. 


: | 
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If DF be drawn paralfe! to BE, the ratio thereof 

to BE (or AD) will be given, as CD to CB; and CF 
will likewiſe be to CE in the ſame given ratio, and 
therefore will be given in length. Hence it is evident 
that the pofition of the point P with reſpect to the fide 
AC (firſt Iaid down) will be determined by the inter- 
ſection of two circles; one deſcribed from the center 
C, with the given interval CD; and the other, 
Elem. 15. 4. / edit. ſo that lines drawn from F and A, 
to meet any where in the periphery thereof, may obtain 
the ſaid given ratio of CD to CB. Through which. 
point, ſo determined, the other ſide CB of the triangle 
_ be drawn; and then, AB being joined, the hing 


FOE XxX v. 

All the Sides of a Trapezium ABCD, about which a Circle 

may be deſcribed, being given in length; ta determine the 
Diameter of the Circle. 8 


Let the diagonal AC be drawn, and upon BC and 
AD let fall the-perpendi- !:! B 
culars AE and CF. And 8 CSE 

put AB=a, BCS B, 5 0 
Sc, AD ad, and BE - 
S. | ; 
Now the external angle 
CDF being equal to the e 
internal, oppoſite, angle | A 
B {( Elem. 17. 3.) the 
triangles ABE and CDF 


are ſimilar: and there- 


fore AB (a) : BE (x) . yy DF 5 | | 
:: CD (c) DF. But AB}*+BC}*—2BCxBE 
| 2X (= 


- * + * — D "7 A 
OS 4 — 2 ———ů are 
* . 8 

S 
4 * - + Ye 


_— 


*+ 54. ny * * 

— nao oagÞ.. o py 
r A 
n 4 


o , = 
— a nm 00mm, es ann ee en, ee 
'F. »* 464% my « 


ADS. anc « - —— maya — — - 
Sa ” 


er that {RC AB : Bf: Fi: 
and conſequently, that, if BH be taken =AB, GH 


will be given S CD, and . XAB Whence 
oy following oonſtruction. | 


23 GrzomnTRICAL Prodtalies, 


(=* ecru abbr, that is, in 
Jpecre 5 a bb aba ce. da ſ 2 


e 0 + 7 


From which e x Is Gd = —— 
n e 


Ae AE ( 9 = al AC e 
will. alſo be . and then it will be AE : AC: \B 


the diameter . (Elem. 24. 3) 


Cann. 


17 . two n of the trapezium be drawn, 
interſecting each other in E, the triangles ABE and 


CE, as well as CEB and AED, will be equiangular 


(Elem. 12. 3.) 


' Whence AB: CD:: BE: CE 


BC: AD: : BE : AE. 


B/ K And, ſince 5 
"nates of CE and 
AE to BE are 
thus given, it 
follows, that, if 
any line. FG be 
drawn 3 » 
Ac, the 

- thereof GH | pa 


will be to BH in the ſame given ratios, 


AB: CD:: BH: GH 


BC 
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Make FH a fourth: proportional to BC, AB, We AD 
Elem. 13. 5); and, in the ſame line produced,” take 
G=CD : then {4 Elem. 15. 4. I edit.) let a 
IK be deſcribed, ſo that two lines drawn from F 
G, to meet any where in the periphery thereof, ma 
obtain the given ratio of AB to CB. And da 
as a center, with the radius AB, let another arch be 
deſcribed, interſecting the former in B; draw BF and 
BG, in which ſet off BA and BC of the given lengths, 


"then, through the three points A, B, and C, let a cls | 


be deſcribed, and the thing is done. 
| PROBLEM XXXVI. 


All the Sides, and the Area of a . Tagen ABCD * 
: given; to determine the Trapezeum. - _ 


Suppoſe the diagonal AC to be drawn ; a alle 
CE and CF to be per- | E. 
pendicular to AD and "EP YH 
AB: and make AD 
a, DC=6, BC c, 
AB d, the given area 
; ABCD = — 1, DE = — Xs 
and BF. | 
Then: will 22 +bb + 
aa (ACT) ccd 
+2dy (Elem. Cor. 2. 9. 2.) 


and . e NS 


4 17 c yy nne =21* {by the qu eflion.) 


Put '+4* —@—=P=2of; and, by the firſt equations 
you will have ax d=. 
| Moreover, by ſquaring the two laſt equations, and 
then adding them together, you will have 5 
3 + 2d Abbe * cc - 1 — - 2adxy. = 44 
Which, * 3 by 244, and making g= 


1 e 
. CE EINE . isreducedtoy/ . * cc — * 


749 
3 is, . gives 5 — * — * = * + 21 apes: 
| l 


\*} 
ex U 
UE 
0 
4 
4: | 
i 
N 
i 
3 
. 
ö 

U 
1 

44 


. TE . _ 

— Se —— Song node vents cooemnred . 
de 2 & . > - 

hs” ; ; * 1 

2 i N _ * 


—— #4 oa 


PI 


— 
— 


Py 


—— db cr. A ee. ee Le 
l — l pk Sa 
* r 2 
- - r Reo 1222 - 
: - #3 « IE, 5 


. —  *%s _ 
—— — — 

— re 
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r _ 
Pa; * 
A * 2 > 


PQ (Elem. 10-4.) 
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by miting SAL uu room of, its equal, 


a; will become be- By: E 430 x 


Sf whence, putting re e 
, and e r e 


e 
und therefore W ü 


RE Gemenicalh, 5 
„ N. 
Becauſe . PCT Ax DR 5 O — 
AB. + BO* + 2AB x 
BF (Elem. Cor. 2:9. 2.) 
it is plain that 2ADxDE 
—2ABxBF is given = 
AB]s + C“ AF: = — 


TD. 
Find % Eu 4. % 

3. 6.) a line L — 
| 3 ſhall be =AB]* 
; 7 IX 1 TOA D.; | 

; FN. ſo ſhall 2AD * BE 

ABN BF 


: 2AB x BF = E, and NY DE-A | 


L*. 


25 | 


Bu EL —4 e relate to . 


| and: BP a fourth proportional, - D, AB, arid: BC) 
appears to be =BQ: nd AB (ance AD : AB 


BC: BP :: CF: will a W erat 
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| Hence we have DE—BQ==Z*, ant. ADxEC 


+ABxCF (= =ADxEC+AD x PQ; whence, 
by ago. Sn third proportional C) to 2AD, and E. 
and anoth 
BQ=T; and EC PO TL. | Uh 
Therefore the problem is reduced to this; to find.two 
angles CDE, BQ, %% that the ſum of their fines CE, 
PQ, and the Difference of their cos ſines DE, BQ fan- 
ſwering to given, but unequal, radir DC, BP) may br 
bath gruen quantities. | ] 
And the conſtruction thereof, (which is exceeding 
evident) will be as follows. 

Draw two lines cutting each other at right- angles 


in M, in which take MP=P, the given ſum of the 


ſines; and MN 7, the given difference of the co- 
ſines: then, from the centers P and N, with the 


given radii PB (A5 26 ) and DC, let two arcs 


be deſcribed, interſecting each other in B; through 


which point draw OA parallel to MN; and join B, 
P, and B, N; ſo ſhall PBO and NBO (CDE) be 


the two angles required. Which 2 known, the 


trapezium itſelf is very eaſily conſtructe 


1 


his problem, it may be obſerved, becomes impoſſible 


when, the two arcs, deſcribed from the centers P and 
N, do not meet, but fall ſhort of each other; that is, 
when the given area is greater than that of a trapezium 


of the fame given ſides, inſcribed in a circle, determined 


by the preceding: problem. 


But, beſides the above, there is another limit, for 


the leaſt value of the area (except in one particular 
caſe) and the problem will be impoſſible when one of 
the two circles falls wholly within the other, as well 


as when it falls wholly without it: but this laſt de- 
pends upon the particular order of joining the given 
lines; whereas the caſe is otherwiſe with reſpect to 


the firſt, or greateſt limit. 


» - - 


r (F) to FAD and 7, there reſults DBE 
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6: 
| PROBLEM XXV IL. 


5 To divide a given hs le BAC 100 . Parts BAI and 


Cal, % that their * BE and. CF may eee a 


% given ratio; ; ſuppoſe that of to n. 


put the chord BC of che given angle =a, "and the 
| part thereof BD, inter- 

cepted „„ *x; 

then, becauſe of the 

ſimilar © triangles | 

and CDF, it will * 

BD 22 CD = =). 

. R , BE CF : . n, 

1 md 8 = B halt. ; 1.2 


s 3 


12 


* 
\ 4 
* 


Therefore mx EMXAa—X; and conſequently $=—== 


From whence, and the given angle ABD, the ng 


BAD will be found. 
The geometrical conſtruction (like the Abtes! 
operation) may he performed by dividing the ſubtenſe 


BC in the given ratio of m to n: but the following i 
method is preferable. 


In AC take AG == mn; . in BA produced, take 


| AB=»; then a line AE drawn parallel to that joinin 
the points G and H, will divide the angle as required. 


For, by tr: ——_— AG fm): AH /n) : : fine AHG 
(BAE) : fine AGH (CAE): from this conſtruction 
the numerical ſolution is exceeding eaſy ; both the 
ſides AG and AH, and the included angle HAG 


being given. 


PROBLEM 


le AM 


> with their SOLUTIONS. 7 15 
PROBLEM XXXVIIL $2. 


To e 2 riven Angle BAC into two 72 Parts BAG, 
CCG, that the eftangle under their Sines, BE and 
+ CF (to a giuen Radius) may be of a given e 5 


Let AH be perpendicular 
to th chord BC; alſo let 
BH (SCH) Sa, AH = 
1 * CF = = c and HD 


2 G 7 
lh an e js 


8 Becauſe of the 'Gmilay 
Der.” Din DBE, and 


AD (Aeg; AH 4): : BD (a+): BE 
2 (Aar): AH(b)::CD a-: CE. 
„ by compounding the two proportions, 
bb $70 
Bb + as + f: BEXCF= 7 IF. 
aa — 4 
| bb + my 
| 1 0 of which and the foregoing proportions both 
and CF will become known. 


we kay 


From which equation x is and: =b 


T 2 Geometrically. 
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II Ol be ſuppoſed perpendicular to AB, and FR to 
CI; then, the oppoſite angles CNF and ANI be- 


1 + Ne and NAI will likewiſe 
N be equal: and therefore, the 
4 NY © triangles CFK and ABE be- 
1E FN ing equiangular, we have A, 

0 E: CF Tk, or AB x 
i FK —BE x CF /accerdin 


to obſervation 5). whence F. 


| | is given, Therefore if, from 
X LT I the extremity of the chord 
CFM. there be drawn MN perpendicular bo | Ch 

o 


the length thereof, being twice that of FK, will alſ 
be given; and, from thence the following con- 


ſtruction. 


Take IL a third proportional to ZAB and the fide 
e of the given ſquare, N the magnitude of 
the propoſed rectangle: draw LM perpendicular to 
AgB, meeting the arch BC in M; then a line AG 


drawn to bile MC will divide the angle BAC as re- 


quired. k | : 5 

The numerical ſolution, from hence, is very conciſe 
and eaſy: for, having found the value of IL (by di- 
viding the meaſure of the given rectangle by half the 
radius) let the co-ſine Al of the whole, given, angle 
de added thereto; then the ſum AL will be the co-line 
of (BM) the difference of the two, required, parts. 
This problem becomes impoſſible when IL is given 


greater than IB; that is, when the rectangle propoſed 


is greater than half the rectangle under AB and BI. 


ing equal, their complements 
NC 


*. 
©. 
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we le MCN = , and 
chat (AD) of the 
part MCD=-x. Then 
it will 22 from 
Problem 25, that the + 
tangent BY of” :he-*: 
remaining part NCD + 
is truly expreſſed by G 
4 K Xx Bo | 

r „ ©. 95 = 


Ln 


- with thr - SALVTIQNS<) 4 
1 XXXIX. 


E "cies of as le MCN into two ſuch Parts MCD, 


ND, . angents. AD, BD, may obtain a Su 
Ratio; „ "+ 
Put the radius CD, * tangent of the Show 2 


of 


. n:: K: 2 * — 3 ; and therefote 
aa+bx_ . 


ee From which Xx is found 


KP {by 


* 


| . Geometrically. „ 
The ratio of AD to BD being given, as m to. n. 


| the ratio of their ſum AB to their difference AE (ſup- 
poſing DE=DB) will be given, as mM to -x. 


Sink if NG be drawn parallel to BA, meeting _ 


and CA inR and G, the whole line NG will be t 


the part GR in the ſame ratio of m to m—n : — 
it is evident, that, if two perpendiculars NP and R 
be let fall from the points N and R upon AC, they will 
likewiſe be in that ratio. Whence the following con- 
ſtruction. 

In NP, perpendicular to MC, take PH a fourth 


proportional to m+x, Mn, and PN; draw HR pa- 


„ e 2 CT 
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rallel to CM interſecting the arch MN in R, and draw 
O to biſect NR, and the thing is done. 
For the trigonometrical calculation, | it vin be 
n: mn: : NP: RQ; ö 
that is, as nn is to nu, ſo is the ſine of the whole, 
given, angle to the fine of the difference of its two, 
_— parts;  whowee the 1081 chemſelves will be 
Own. 


PROBLEM XL. 


To divide à given Angle BAC into two Parts BAP and 
CAP, ed CE; 0 that the Rectangle under their Tangents BD 
iy t 


0 a ven Radius 0 yy be” LE a gives 


1 the aner AB (or AC) be as EP a; FRY 

| * 2 BK of the bir 
. angle : 

the tangent 7 8h; of 5 

part BAP, by x; then 

the tangent CE of the 

DO remaining part CAP will 


be repreſented by EE 
D 4g: 
fe * to Prob. 25. .) 
And w Il, therefore, 
— 1 8 N „rer TH _. 
| o | B have | ED (=BD 


Fg . 


: x CE) =. - Whence bx rw 3 Ka I 4 . 


which, by making 42 = becomes 2 | 


- 
Lax cc; whence r IA. Idd — cc. 


Geometrually. 


with their Sol uTrions. 143 


| Geometrical, 
If a line DF be drawn to make the angle BDR 


4 ” 


equal to CAE, the triangles BDF and CAE will be 
fimilar ; and we ſhall, therefore, have ACx BF=BD 
CE {according to Obſervation 5. p. 88) whence 
BF, and conſequently AF, will be given. Moreover the 
ſum of the angles BAD and BDF being equal to the 
given angle BAC (by hypothefis) and the ſame ſum 
+ADF equal to a right-angle {by Elem. Cor. 4. 10 
9. I.) it is evident that ADF is equal to the difference 
between the ſaid given angle BAC and a right-one. 
Therefore, having taken BF a third proportional to 
AB and the fide e of the given ſquare, make the 
angle AFO = the angle FAC and from (O) the in- 
terſection of AC and FO, let a circle be deſcribed 
through A and F, interſecting the tangent BK in D, 
and D; from either of which points draw AD, az4 
the thing is done. 4 

In order to the trigonometrical calculation, let th 
diameter GH be drawn to biſect the arch AF in H. 
and let DM be perpendicular thereto : then, having 
found AF, it will be, as AN (AF): DM (NB) :: 
ſine AH (co-fine NAO) : fine GD (=co-fine 10D) 
Sco- ſine of the difference of the two required angles 
BAD and DAI; whence, as their ſum is given, the 
angles themſelves will be known. _ 
This problem becomes impoſſible, when the circle 
OAFG neither cuts, nor touches, the line BK ; 
that is, when the given rectangle is greater than the 
ſquare of the tangent of half the propoſed angle, 
and the angle itſelf is acute; or, when the ſaid rectangle 
is leſs than the ſquares of half the tangent of the 
propoſed angle, and the angle itſelf is obtuſe. 


bo 


i ny PROBLEM 


— 2 — 


F 


2 * = - 6 = & — 
— —— ——— — — LT — — — 2 
4 PR "Tk" 1 © @ * 922 > 2 pede. x > 1 — 7 
. V s Gr 
— — 


— 


4 4 N L * 
4 — N Sas. — — G44 oo 2 „ oth þ G * 
- 1 dy © Pages; - 1 - © 
- —_ 1272 nn Wea vs 145 %, 4 8 * * * — 
- > F "FAX 
— * * * : RI If IR * ; v⸗ 


wn —— 2 4 — * — — 
o 
RE WANG SIS 
Py , > Jug * * * 


tt _— 2 
2 — an 


144 Gr6METRICAL Pon, 


1 ene ee 
EY fr a Line DE parallel to a iver Lis AL, 
iInienſect two other Lines AB, kc given by . 
j Py form a yy ADE Y a e Mag- 
nitude. 


Let the gives area of the ie be denoted by 
| a* ; and let the fines of 
E, the given angles DAE, 

ADE, and AED (to 
the radius r) be ex- 
preſſed by mn, n, and 
p- e then, 
making EP perpendi., 
cular to AD, and call- 
ing AD, x; we have 
(by plane N 


. x : DE = 


Ss and in:: DE 


Fence = ä = x == 


4 3 * e ee EY 


Giant 


Let AF, 8 to AB, be the ide of a fiqviire 
equal to the 5 ADE; then, if AL be taken = 
2AF, and FK be drawn parallel to AB, &. it is evi- 


dent that the triangle ALK, bein A,, will alſo 


be equal to the triangle ADE. 3 by —_— 
EKM parallel to Al, it will be A : IMM :: 


2 AMK /Elem. 24. 4.): 3 2 AM Elem. 7. 7045 
: ALXAM: : AMI», And OY A — 


© wu» 
* AM. Therefore __ _ .mean proportional 


between, former of theſe let 
a. ſemi-cir e ANL | eſeribed, interſecting MN, 
erp: pes a. to AB, in N; make AD the chord 
J. bs d draw. 50 lll to Als ng; * is 
| 15 18 IN 


PROBLEM xl. 1 8 


went a gs Paine P, Mee Hos EM AB and AC, 
given by Poſition, to dra another Line DE, fo > that 

the Trian ** ADE, Jad wok may be of a ed 
Magnitu 

| Let PG and PF be parallel to AC and AB, and «PQ. 

and ER r * 

to AB: alſo. let AG 

and PQ. which are 

given by the poſition 

of P) be denoted by 


a and 4, reſpectivel 
Then, 'calling ey 


x, and denotin the | Et 
given area by &, we A GR NT 1 


ſhall have, DG . PY: AD 6 ERS 
and therefore — A ERxIAD) . 


Ko > 
Whence xx — 55 == : and conſequently. 1. 


6 
| eev = 


* 
W 


5 T&F: a F 12 8 
„ Geometrically, 


11 upon AF, aparallelogram AFHI be Ka to 
2 the given ares, it will appear, by taking away 
AFPMI from each of the equal quantities AH and 
ADE, that the remainders PHM and PFE IDM 


bi N be equal: and ſo, theſe three triangles 
U _ 
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7 
% ** * 


being all ä to one another, it nc that PMs 


will be FID (Elem. 24 4) Whence this 


e. a 


From the * F, with the” interval PH, Jet. 
arch be deſcribed, cutting PQ perpendicular to AB, 
in N; make ID=PN, — draw DE, and the thing | 


is done, For it is evident that PH FN.) is =PFÞ 
17D. (FN. Hence it alſo appears Thar the problem 


wül be impoſſible when PH is leſs than PF; or 


— the triangle propoſed to be e is 15 
than twice Parallelogram AF PG. Be 


PROBLEM XIII. 5 


Through a given Point P, betwetn two Likes AB, Ac | 
en by Poſition, to draw another Line DE, fo that 


The Sum the Parts, AD+AE, cut off — "577 


ormer, may be a given Quantity. 15 


Let 2 (parallel to AB) be denoted oy a, and PG 
SP” (parallel to AC); by 

| 5; , alſo. let AD + 
= + >: then, by 
| "reaſon of the pa- 
N rallel lines, we 
7B ſhall have 56 62 — 
a: PG (4):: AD 


ca: AE = | 
x4 —4 


And r — (=AE+AD) me, 


: From which, ky ' redudtion, ax — e 3 a- X K ac; 


* —3 


and conſequently 4 == 


Geemetrically, 


2 - A - 


2 Ae 2 PN PAN OF + 


Sr 
v ar OY he 


* $ 1 7” 211 1 5 * 17 
„A ee ee * N af 7 


The triangles DGP * PFE lag ſimilar, 10 
gr under b DG and. FE will therefore be '«qual to 8 
bein Air N 3 AF 45 AS = NN FR by | 
an in a mean proportional 

Fen AM and AG. dre, if MN. be taken 
= the given ſum of AD and AE, it is manifeſt that 
dhe ſum of. DG and FE (whoſe rectangle is above 
given) will, alſo, be given GN. 3 


Therefore, having deſcribed a ſemi-cirele upon GN, 
let RS be drawn parallel to AB, interſecting the peri- 
| phery thereof in 8; from which point, upon AB, let 

fall the perpendicular SD, and through P draw DPE, 
and the thing is done. For DG x DN =DSÞþ AN- 
AMx AG = AF x AG=DG x EF: whence EF = 
2M N. conſequently AD+AE ( =AD+AF +DN) 


'Itis plain, this ode GEE impotiible. hen RS 
falls below the ſemi-circle GN; or, when the ſum of 
AD and AE is ſuppoſed to exceed that of AG and 
AF by leſs than the double of a mean Mane 
detween AG and AF. 


Much after the ſame manner the an will be 
reſolved, when the difference, the ratio, or oe 
as of AD and AE is given. $5 
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35 5 | PROBLEM- i 


> gt. 2 


| Point, p. been we, * he-lings 
Fay 125 wen by Poſition, 2 "draw 4 2 = 
© tie BPC bt the Reftangle DP: the F. 
there 7 intercepted by that Print and e Links, 
be of a given Magnitude dl) 


I; 8 
IU 


Let PP and PH be parallel * Ae: at AB, "ha PG 
perpendicular to AB: 

wo then,” callin „PF, az 
PH, b; F. A a2 

5 BF, x; we' vive BY 
be — paring ney 

; 30. . 

| And, b fitmilar tri- 

angles, (ﬆ) * 4 8 
PH C: : CP=ZxBP. 


B D Conſequently BPxCP 


: þ 1 
* x BP. == xe Hence, if the given 
value of BP x CP be denoted by di, then will 


4 =aa+xx—=2ex; Which equation, —_— ow 


4. 1 N 


— 2 —— 


The rectangle under two unknown lines bein 
iven, another line muſt therefore be found, or aſ- 
— under which and ſome given line in the few 


an equal reQangle may be contained. * Ob ſer. 5. 


p. 88. 


vnith:1htir: SOLUTIONS. (B49 


| As, in the prefent eaſe, the line AP is given, both 

in length and poſition, let the rectangle under it, and 
a part, n of the ſame line produced, be the 
aſſumed =RP x CP; then * e Mc will 


that, beſides obtaining =. the triangles” =o 


| and PBA (fuppo ſing QC dg) will; o be fituilar 
becauſe AP: "BP : : CEP: PQ) And ſo, the ar tar 
PCQ being = the given angle PAB, it is evident 

a ſegment 20 6 a 0 deſcribed PQ. — Ig 

5) capable of containing tlie ſaid given an 


interſect AE in the point (or points) requi 

This problem will, it is manifeſt, be impollidle, when 
tue circle, deferibed as above, falls ſhort 6 AP: . 
according to the algebraic ſolution,” when * 27 | 


is negative; th that is, when the propoſed rectangle Is ich 
ou 42 ons its n 2PH x PF 1 8 


— ; "z + — 4 — 
* 5 ras 1 1 * — . of -_ | wrap 


LY 
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> 44» PROBLEM. Mv : 


8 (a) of a righ Id Triam le ABC, — 
Sides are in of rgh-an ren, being given, to 
determine the N CT" | 


Put the greater leg Ben the common dif- 
—— =p; fo ſhall BC= Gars and; EO and 
therefore * 


2=x—yÞ a . 
L + Joy. the 1 1285 25 


From the former of which 

equations we have 2x + 

2 + = 2xx — * 

and W 4 . 

whence, b 5 ſubſti ituting for 
ond 


| x in the equation, 
5 B | | HA we get 2y X3y=& : from 
cs 7 is given * T; and x (=4) * 2 
Therefore BC= 75 AB=44 2 and AC = mY 
SAS — | 
9 
Geometricaliy. 


It is well known chat CRD ne n 
Y .) is =ABF (Elem. Corol. to 8.2.) And, by the 
queſtion, AC + BC is = 2AB (becauſe AB is an 
arithmetical mean between AC and BC.) Therefore 
2ABx AT-BC=AB]*; and conſequently AC — BC 
AB: take theſe equal quantities from the equal 
"quantities AC + BC and 2AB, and the remainders, - 
-2BC and 14AB, will be 1 and con 7 2 
3 4BC. But ZAB x = 3ZBC x 
BD (S); and 83 BCl a5 
Henge. 


with their Sorvr , 2 51 


Hence, if BH be wales to BD (a) in Sb be 
of 3 to 2, a mean proportional BC between DB and 
HB, will be the leſſer leg of the triangle required: 

| whoſe greater leg BA, being in Proportion” te, 
28 4 to 3, is alſo given from hence. | 


PROBLEM XVI. 


= Area (a:) of a RS Triangle ABC, uheſ 
- Sides are in Geometrical roportion, m—_ "au. ; 2 
determine the Triangle. FO RETOUR 


Make AC=x; then BC = 2 


* + 


Therefore, . : 


— * 19 
4 


Geometrically. 


Since, by ese. e:, e 5 
fore is IB: Ach : : AT]?  BCÞ (Elem. Cor, 1. fo 11. 4. 
But A=, ſuppoſing CD perpendicular to AB, 
is equal to ABXAD; and BCl: equal to ABxBD 
© (Elem. Cor. to 19. 4.) | 
| Therefore AB/? : AB AD: : ABV AD: ABxBD; 
or, AB: AD: : AD : BD. 

Whence the following conſtruction. 
Draw any line EG, at pleaſure; which divide a F 


"(by Elem. 19 of accordin to extreme and mean pro- 
portion G at EG : EF 3 EF: GF); ere& the 


nin, 
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prpendicular FC, and upnn BG let a ſemi - circle be 


deſcribed 8 it in C; join E, C, and G, C; 
and let AB (by Prob. 41.) be 2. parallel to EG, 
to cut off the given area ABC (S), and the th: 
is done. For it is manifeſt that AB is divided, by CDF, 
in the ſame proportion with EG; or that, AB: 
:: AD: BD, as above. © 94 i 
5 PROBLEM XLVII. 
| ofing one Side AC, and the oppoſite Angle ABC of a 
pot, to be given, together wit 1 Side DE, or B "= 
of the inſcribed Rhombus EF; to find from thence the 
ether two Sides of the Triangle. f 
Conceive a circle ABCl to be deſcribed. about the 
triangle, and the diagonal of the rhombus pro- 
duced to meet the circumference thereof in 1: alſo 
* 1 | let AI and CI be drawn; 


which will be equal to each 
other (Elem. 12. 3.) as be- 
ing the ſubtenſes of the 
equal angles IBA and IBC, 
formed by the diagonal and 
fides of the rhombus : and 
ſince the arcs AI and CI, 
as well as the chords, are 
| equal, the angles IAD and, 
IBA, inſiſting upon them, muſt likewiſe be equal; 
and conſequently the triangle IAD ſimilar to the tri- 
angle IBA. | | 8 e ee 
8 Bot the vertical angle AIC of the iſofceles triangle 
-ACI (as well as the baſe AC) is given, being =2 
_ Tight-angtes — ABC {Elem. Cor. 17. 3.) whence IA 
will be given (by plane trigonometry. 1 
Put, therefore, IA=a, BD=6b, and IB=x; then, 
from the ſimilarity of the triangle above ſpecified, we 
-chall have, x—6 (ID): a (IA) :: a (IA) : x (IB) 
. whence xx—bx=aa; and conſequently x=4/ aa+$46 
- +435. From which, and the known values of IA and 
the angle ABI, the value of AB, Sc. will alſo be 
known. | | Geometrically. 


av##h their BoLvTIONs, 253 


— W oof eee 


T he. geometrical conſtruction hereof, as the 16a 
angle he yo x DI (by the foregoing proportion) is given 
All, is obvious from Problem 6; and is thus, 1 
Having, upon the given fide AC, deſcriial a ſeg- 
ment of a circle ABC capable of containing the given 
angle ABC (Elem. 22. 5); and, in the other fegment, 
AIC, conſtituted the oſceles triangle AIC, make IG 
perpendicular to IA, and equal to half ( BD) the giyen 
Ningonal of the rhombus ; ; alſo, in 1G produced, take 
GH equal to the diſtance GA; and, through H, from 
the center I, let an arch be deſcribed interſecting the 
circle ABC in B; then draw BA and BC, anc Hr 
things is done, | 


PROBLEM XL VII. 


From two given Points A and B, to draw two Lines 
AC and BC, to meet in a Right-line DE given 
9 Poſition, and form an Angle ACB of a * 

Magnitude. 


Make AM and BN perpendicular to DE; and let 
*AF be ſuppoſed 

parallel to BC: | DD E 
then, calling 
AM, a; BN, 
5; MN, c; and 
MC, x; it will 
be as b:c=x. 
(NC) :: a: MF 
ac —ax 


But MF and MC are tangents of the angles MAF 


and MAC; which angles together . (becauſe of the 


parallel lines AF and BC) make an angle CAF equal 
to the given angle ACB: therefore, if the tangent 


of the ſaid given angle, — the radius AM, be de- 


noted: 


| 
| 
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noted by t, it will appear, from Problem 25, that 
MC+MFxAM® , 
AM - MCX MF 


—_ 


x+< x 


AHR , 


This, in ſpecies, gives — | 
BED ſpec 8 acx a ab —cx+xx 


| b 
Which, by reduction, becomes es fee. 


—ͤ — 


ax cx T ab. Whence, making c+ — =>, © 


and a 92 —— -f, we have rr dx; and conſequently 


* M 5 


When the line MN is parallel to that joining the 


. . a 
we have, in this caſe, dc, and f= — 


—&a* ; and | 


therefore x=—+ | — — aa + gcc. Which may 
| ſerve as a theorem for finding the ſegments of the 
baſe of a triangle (and conſequently the triangle itſelf 


when the whole baſe, the perpendicular, and the ver- 
tical angle are given. 


As to the geometrical conſtruion of the general 
problem, it is extremely obvious; fince a ſegment of 
a Circle deſcribed upon AB {by Elem. 22. 5.) capable of 
containing the given angle, will interſect DE in the 
point (or points) required. Whence it alſo appears 
that the problem will be impoſſible when the circle falls 
ſhort of the line FE; and, conſequently, that the 
angle ACB will be the greateſt poſſible when the circle 
touches the ſaid line; or, when DC is a mean propor- 


tional between DA and DB {Elem. Cor. to 22. 3.) 
PROBLEM 
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PROBLEM XLIX. 


To find a Point C, in a Right-line DE, given by Pofetinn; ; 
fo that two' 2 CA, CB being drawn from thence 
to two given Points A and B, the one BC /hall exceed 
the other AC by a given difference d. ; 


Let AR and BS be perpendicular to DE; and let 


theſe perpendi- 

culars, together | | E 
with RS (which 
are all known 
from the poſi- 
tion of DE) be 
denoted by a, 
3, and c, reſ- 


pectively: then P 


A B 
putting AC —=x, we have RC of = | = 


A; and SC (= Nr — BY) = 


y// xx+2xd+dd — bb c xx —aa. 
From which equation, by ſquaring both ſides thereof, 
we get xx +2dx +dd —bb=cc—2c/ xx — aa+ xx — aa. 
This contracted becomes 2c/ xx —aa=bb—aa—dd 


+cc—2dx, or, xx —aa=m—nx; by dividing by ac, 
| b— aa—dd+cc- 


2C 


and putting Sm, and =. 
Therefore, by {quaring again, xx —aa—mm—2mMnx 

+1nxx; whence — 0shnn, or xx+ 

azmux un | 

1 — . 3M - 


And conſequently * = A * + _ 


1— 22 


AA. Seometrically. 


* 
. 
% 
.* 

N way - FER th pe . * 

SI ——— on on iS ob b Peerdterooo coo dt 0 w—_— 2 e r I oi Sr ̃ Soo eooo_—_— Sou eo ⏑ ²mmjñ ͤ m / ox o—oo_ 
n R * 4 ** * 1 LE 2 3 ©, 6 2 & a= W is *s. - A. — — + «a+ R f — . 5 * 5 

— — o = 


— — 


it is plain that GM 


2 
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Tf AB be drawn, and biſeRed in F, and OM be fup- 
poſed perpendicular thereto, it is well known that FM 
— EET {Elem. Cor. 2. 9. 2.) Therefore, 
ſince BC-AC=PQ, and, conſequently, BC+AC= 
PQ+2AC, it follows that FM = AE hd dar Oi 


2AB 
PU 4 x PQ. 
2AB * * ky 


— value of 

7772 RY 
f == (being 
a third pro- 
portional to 
B 2ABand PQ) 
is alſo given. 
Let this, 
therefore, be 
5 expreſſed by 
FG, fo that FM may be = OT D. then 
3 or that, GM is to 

AC in the given ratio of PQ to AB. 

But the ratio of GM to HC (ſuppoſing GH per- 
pendicular to AB) is alſo given by the poſition of the- 
line DE; whence the ratio of HC to AC (where 
both belong to the ſame triangle AHC) will be ex- 
hibited : for, taking Gl PO, and making IK per- 
1 nts HC GM, GM\ AC 
pendicular to AB, it will be HK Fr 50 ' 
pP. above) and conſequently HC: AC : ; HK : AB. 

2k Y But, 


| | 5 But, ſince 
r | 6 both AB and 
PQ are given, 


with their Sor uriors. 157 | 


But, if KL be ſuppoſed parallel te AC, meeting _ 
HA produced (if need be) in L, it is manifeſt that 
HC: AC:: HK: KL. Therefore KL=AB, whence 
the following conſtruction. f 


Having taken rg GI=PQ, and erected 


the perpendiculars GH and IK, and alſo drawn HA 
(as above ſpecified), from the center K, with the interval 
AB, let an arch be deſcribed, cutting HA produced 
in L; and, having drawn LK, make AC parallel 
thereto; which will cut the given line DE ia the 
point required. | £ PS 

The trigonometrical calculation, from this con- 


* . 


ſtruction, may be as follows. Ts 
8 PGO x 
_ Having computed FG ( == 150 and ſubtracted it 
from FD and FA, the remainders GD and GA will 
be given; and it will then be as GD: GA: : tang. 
DHG (or co-tang. D) : tang. AHG; whence the 
angle LHK is likewiſe known. And, ſince in. DHG 
(or cen. D): rad. : : IG (PQ): HK, the value 
of HK (as well as thoſe of KL and the angle KHL) 
will be known : from which the other two angles of 
the triangle HKL being found, the angle DAC (= 
ECA—-D=HKL=—D) will alſo be obtained. 


After the very fame manner the problem may be 
reſolved, when the ſum, inſtead of the difference, of 
the lines AC and BC is given. | 


As to the reſtritions-of the laſt problem, it is evi- 
dent that the given difference muſt never exceed the 
diſtance AB: but when the line DE paſſeth between 
the points. A and B, the limit will be ſtill leſs; but 
is eaſily determined, in any cafe, from the given 
poſition of DE. It is a little remarkable, that the above 
ſolution fails in that particular cafe, only, wherein the 

eneral problem becomes moſt ſimple; that is, when 

E is perpendicular to AB. But here the operation 
will, alſo, become more ſimple and expeditious : = 


\ 
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the poſition of MC (with which DE is ſuppoſed to 

coincide}. being actually given, the length of AC= 
5 e {p- abeve) will alſo be known. And, ff 
with this, as a radius, an arch be deſcribed, from the | 
center A, it will interſect the pane MC * 
DC) in the e required. . 


wer” - PROBLEM L. 


* 


Ress fro given m A, C, in the Diameter EF fi P 
ven Semi- circle, to drow two Lines to meet in the 

 Circumference, ſo that one of them CD may exceed the 

other by a given Di) Kun not greater than the 
Diflance of the two given Points. 


The radius BD being ns drawn; put AB ra, 
46 „ AC er, 
BD r., AD =:x, 
and CD =x+4; 
d being the given 

difference. 

Then, by the 
Lemma at p. 128, 
we ſhall have (* x6) 

+{x +2 Xx a= abe 


+ 3 Or, ba* + 


td 


* tHhads + ad? = 
abc Ter. 
Whence * ＋ a ab + — 
o | ; ; _ abdd 8 
and 1 V ab Kr 5 
Geometrically. 


The geometrical conſtruction is alſo dedacible 
from the Lemma above nn For it is evident 


from — that DEN A is SAC x BC 
AC 


: Ds 5 EC 1115 Ivf 7 — 17 10 0 
: . — — =AC xBC+AC x BG (by taking 


ib ac SoroTIONs Tho 


* 


— * 142 


r) LACxBCFBO=ACxCO."" 


1 1 FOE)? * 148 
- 7 * th i 
— 
* e 
+43 *- 


Therefore, having taken BG a third proportional. ta 


AB and BD; and CL a mean-proportional between 
AC and CG; draw BK perpendicular to GF, meeting 
the circumference of a ſemi-cirele, deſcribed upon 
AC, in K; and, having drawn AKM, and taken 


AH equal to the given difference of AD and CD, 
upon H as a center, with the radius LC, let an arch 


be deſcribed, interſecting AK in M; from which point 


upon GF let fall a perpendicular MN; then, if from 


A, with the radius AN, another arch be deſcribed, it 


E Ld 


will interſect the arch of the given ſemi-circle in the 


point, D, required. | 


tld 


Cori 19. . (Den: N.-A. 
And N ADY x 1 
(by conftr.). =AD\* x 


For AB: BC :: AM : ABXTBC (EK,, Elan. 
3 BE 
'S *. En 
HN YH. Ac 
1 i 
B + CDI p. above.) 


Therefore CD=HN=AN + AH=AD+AH; and 


us, 


_ conſequently CD=AD=AH= the given difference, 


by conſtruction. | | 

The method of calculation, from this conſtruction, 
is ſufficiently eaſy : for having computed BG ( == = -) | 
and HM (=vV CAxCB+BG) and alſo the angle 
BAK (which is had by the proportion AB : BC : : ſqu. 
rad. : ſqu. tang. BAK); you will then have, in the 
triangle HAM, two ſides and one angle; -whence 


every thing elſe is readily determined. 


PROBLEM 
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PROBLEM LI. 


8 the Middle F, and the two Extremes A and B, » of 
.@ given Kight-line AB, to draw three Lines to meet in 
-@ Point C, in a Right-line DE given by Poftion; "fo 50 p 
45 =g + _ * Proportion, or yp that AC C 


| "Sheet BC +ACÞ =2FC|-+2BFÞ (Elm. 11. 49 
And BC AC FT /by Hyp. and Elem. 10. 4.) it is 
evident that BC]* — 2BC x ACT ACP=2BF 2, or 
BC—AC\*=2BF]*=BU]*, by taking BG as the 
A of the — whoſe fide 1 is BF, 

Hence BC=-AC 


is given = BG: 

and ſo the caſe 

in queſtion is re- 

| duced to Problem 

9; to which 1 

| Mall therefore re- 
| | fer for the —_— 

— * i part the 

A F A ha ap- 

pears from hence that a point in the circumference of 

à given circle, whoſe center is in the line AB, may 
be ſo determined, by the laft problem, that three lines 
drawn from thence to the three given points A, F, B, 
Thall be in geometrical proportion. | | | 


16 


* - is 


Lo N TROBLEM 


| PROBLEM _— 


| Prat 3 A 4 Whack Ds, | 
draw , given Pin BC, to meet in the Periph 

5558 

uantity. « r 58 


Through the given points let EF be drawn, meeting 
the circumference of the pe 
circle in E and F; parallel 
to which, draw the diameter 
PQ; and let the chord 
CG be drawn to cut EF 
and at right- angles, in 
D and 

Put EF = 4, EA = B, | 
EB = c, DH a, ED = 2 - | 
and. DC ; and le the given quantity, A 0. + 
BC, be denoted by : then will n DA 
=b=x,. DB c= x, G=y+24. 
But ED x DF=CD x DG ff "5 21. 9% 
And DAV+DCF+DsF+DC| cee 2 

8. a2.) Which, in ſpecics, 3 8 
| xXa—x=yXy+24 
give Tr. 
ax -x 29h 
21 T 22 2cr We e 
Whence, by adding the double of the former equation 
to the latter, we get 20x —2bx—2cx=ee—bb=cc+ qdy ; 


and conſequently y= S eee 


24 
by making ri, and and * 


44 
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Now, the value of y thus: :found being ſubſtituted 
in the firſt equation, there Ns ogra 


8x* 2 T zagx; 


or, 4+gg xxx+2dg+ ry * R = 2df. 


From which, by making m=1+gg, n=a—2dg=2fx, 
_ — the value of x is found =——+ 


Geomets really. f 


"Thar the bens of the vertex of a ug Ae 
| the baſe and ſum of the 
ſquares of its two ſides 
are given, is the cir- 
7 cumference of a- circle, 
deſcribed from the mid- 
dle of the baſe as a 
center, it is evident, 5m 
Elem. 11. 2; becauſe the 
line drawn from the 
IJ vertex to the middle of 
the baſe, is an invariable 
quantity. 


Therefore, having biſected AB with the perpendi- 


cular I MN, take MN and MR equal, each, to half the 


fide (e) of the given ſquare ; draw NR, and, from A 
to- the perpendicular MI, draw AK equal to NR; and 
upon the center M, at the diſtance MK, let an arch 
be defcribed ; which will meet the circumference - -of 


- the given circle in the point C, required. For AC, 


BC, and MC being drawn, it is evident that ACF+ 
BC] - 2AM *+ 2CMP=2AM)* + 2MRE]*=2AaKR1*= 


2RNF=4RM*=#. 1 n this problem it is requiſite 


that MC (VA Nfz) ſhould be greater than 
the difference, and 25 than the _— of the radius 
= ot 


* 
. 
* 
. 1 — 


| of the given. circle-and the ile of te poine/M 
ron HERE IDE) 


PROBLEM Lu. & 


4 N 4 . 
» > 77 : 


ee hes PQ chrough a l che 
| Refiangle of two Perpendiculars, falling thereon from 
tos other given Points, B and C, may be: . 4 2 
Magnitude. | 


Let BA and CQ be produced to meet in E; and up- 
on BE let fall the per- 
pendicular CF ; which, C 
and the ſegment AF, 
are both given, by the 
poſition ot the propoſed: 
pojnts. ;' ; 

Put, therefore, CF 
=a, AF =b, AB Sc, G 
and EF = x: then 


will CE VaaTxx: 


and it will be (by ſimilar le | | 
as CE; EF: AB: BP = 2; 


N Vas Tr 

and CE : EF : AE: EO : 

Vaa Tr 
. ca (=CE— EQ) =VaaFzr— Inbox _ 
erf 

ga—bx 

Ver | 
er a = __ : | 
and, conlequently, BP x CQ= * ſup- 


poſing 4. to * the given magnitude of the PREM 
rectangle 


7 From this quan by making d = r and f= 


1 2 --— 


wo 
* 


* 


5 
6 
| 
i 
þ 
N 
i 
. 


and F . 
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Whence every thing elſe is readily determined. 


* 
3 » 
— « 

” 


5 If QM be ſuppoſed parallel. to AB, the triangle 


CQM will, it is plain, be fimilar to ABB; and eon- 


quently ABXQM=BP x CQ (Elem. 24. 3.) : 
4 — QM is given; and, from thence the Sowa 
_ conſtruction. IS, 
Find a third-proportional to AB and the fide (g f 
© the given ſquare; and, in BF produced, take FD equal 


L] 


to the double thereof; draw DG parallel to FC, inter- 
ſecting the circumference of a circle, deſcribed from the 
center A with the radius AC, in the point G ; and, 


having drawn CG, draw PQ perpendicular thereto... 


For the trigonometrical calculation, it will be AF : 
AD (AF+FD) : : co-f. HGC : co-f. HG, the dif- 
ference between the angles BAP (HAQ) and CA: 
from which, as their ſum is given, the angles themſelves 


will be known.—This problem becomes impoſſible when 
Fd is greater than FH; that is, when the pro 


rectangle is greater than half the rectangle under AB 


PROBLEM 


„* 1 — 2 2 A J z ad 
& . "vj, ; 10 5 2 5 : 


* 


3 - PROBLEM | HIV. "My = 8 
A „ a. A IF 
- Two "Liked ION, Ac, TINS from 755 ſame 22 "A; F 
being given both in | Poſition" and Length; to draw 
another Line through that Point, /o that two Prr- 
© pendiculars BP, Q, falling thereon from the Extremes 
5 the two given Lines, may = two fag, 980 
CQ, eg to each other. © 


Let BA and CQ be egi to meet in E; "Ia 
upon BE let fall the ol | 
perpendicular CF: and i 
put CF = a, AF =I, 

; AB See, and EF = &. 
The areas of ſimilar tri- Q 
angles being, in pro- 
portion, as the fquares | x &; 
of their homologous s 14 
ſides; and both the IO EEE is 

_ triangles AEQ, ABP, 


being ſimilar to ECF, we have CEF (aa 2 : 
Jer x BF (: AP (6) : area ABP = em. 
And, ga + ar: FR) : : Fav (My) : area AEQ = 
Jax x x+ 


. This, taken from the area AEC f= 


aa xx 
2 
Jax x+6) leaves the area ACQ= STII 


2 dS wat by 


Which being e equal to / ABP, by hypotheſis, we there- 
fore have x+3x aa r cr, from whence, making 


= — 9 x is found V N 44. 


f 


[1 
1 
! 
; 


EE BEIT 


—— — —— —EyUũ — 
9 — — — 


4 
* 
1 


— 
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If Ab be fuppoſed perpendicular, and equal, to AB, 
| and. ip perpendicular to PO, the triangle Abp, being 

Bmilar to ABP, will alſo be 2 to it; 8 
quently equal to ACQ : and; if theſe equal triangles 
be, ſucceſſively, taken from the trapezium AQC6, the 
remainders . and ACh will likewiſe be equal. 


| — | 
* * 
p 
N 0 


Hence it appears that the parallelogram under Ch; 
and DE, whoſe angle is CDE (ſuppoſing DE parallel 
to, and an arithmetical mean between, CQ and bp) is 
equal to the given triangle Accs; and conſequent! 
the altitude — equal to half that of the tri- 
angle. Whence it is evident that the point E muſt 
fall, ſome where, in a line FI drawn through the middle 
of AD. for AC) parallel to 4C Elem. 2. 2.) But the 
point E, fince the angle AED is a right-one, will 
likewiſe fall in the circumference of a ſemi-circle 
deſcribed upon the diameter AD (Elem. 13. 3.) And, 
therefore FE, being a radius, muſt be oe to AF; 
and conſequently DG AD; ſuppoſing De produced 
to meet AO in G. g | | 
Therefore, in order to the geometrical conſtruction, 
having made Ab perpendicular, and equal to, AB, and 
drawn AD to the middle of Ch (as above intimated) let 
DG, in DC produced, be taken equal to AD; and 
from G, through A, draw GP, and the thing is done. 
It often happens that the demonſtration of a geome- 
trical conſtruction, to be the moſt neat and elegant, 
proceeds upon principles very different from thoſe 
whereby we firſt arrived at ſuch conſtruction. * 


> »* f 
Wat *'y 
lb; . 


9 


g zb, Sour * 


caſe above is an inſtanee of it be, 3 . ae 
71 NN it is manifeſt that GQ (A 


Lb 3 455 we 8. gberbſore 1 89 705 


Note. If AB nn AC boa: ſemi-conj njugate e 
bers of un ellipſis, then the line PAO, determined as 
above, will be the poſition of the greater axis: and, 
if, upon the the diameter C5, a circle be deſeribed 
interſecting AD in H and K; then AH, and AK will 
be equal in length to the amo d leſſer, ſemi- 
axis, reſpectively. 

From 9 — the molt uſeful properties of the 
conjugate diameters of an ellipſis may be very eaſily 
deduced. Such, as that, the ſum of the ſquares.of any 


two conjugate diameters, is equal to the ſum*bf - 


ſquares of the two axes: and that, any parallel 
3 about the conjugate diameters of an el 1 70 
| ual to the rectangle under the two axes ; an To 
"Joorh: But theſe are matters not altogether proper to 
be infiſted on in. this place. 1 
HFowever it will not be improper to . 
the laſt problem is always poſſible, except in t 


caſes, wherein the given lines. are N lar, and 
form one continued Rae. if EY 
— 12 
| BOP a 

J 

| : wk 

lr 

x * ; * 0 19 

„ 


PROBLEM 


f 
|| 
| 
3 
»» 
| 
9 
1 
1 
* 


* —- 
— ui... 
r 


* or the Extrenis, M and m. et ard 


is ? nal to mEM, n book * right , 
to (whic 


„Am; whence AC is given. 


eee . 


j 


PROBLEM: WF 


AM and Am, making a given Ang — 

Sendlisulars, MC and m be erecſad 3 it is prepoſec 
nd the Diftance of their PAS G Joe A the 
Sun e Porn. 4 


©Since the ks AMC nad MC inte. both right 
ones, the FLAT rr of a circle, deſcribed upon the 
diameter AC, will paſs A 
through M and m. There- | 
fore, if Mm be drawn, and 
a perpendicular E be let 
| all upon AM, the triangles 
AmC — mEN [ will appear 
to be equi; ; becauſe 
inſiſting on the — arch 
Am, are equal; and An 


is given becauſe | 


If now the ratio of 


the angle EAm is given) be denoted by that of 5 


to.r; and the ratio f AE to Am by that of c tos; 


we mall have AE=—x Am; and therefore M Mm a an 


AM: + Am — 2AM x AE) Mr N | 


x AMx Am: whence, by reaſon of the ſimilar . : 
above ſpecified, it ”"_ be, MER: mA» (:: *: rf) 


: Mm: A 2 = x AM MI: + AM» — = 


ao 


As to the geometrical conſtruction, it is indicure- | 
by the conditions of the pry withour * ſort of 
argumentation. | | . 


* 
— 


Ro £4 


PROBLEM 


"with their Sororiens.” 109 
ani _ 1525 


N many given Point | 
1 Ratio 2 7 ww given = a, * 


The iven points being joined; make AB: * AE 


= . | 2 then, 


= being ==, and EC 


4 111 
2 (by hypotheſo) we | 
| a have AM 1 
0 -£+ © 
== (Eleni. 9. 2. Cor: 01 1 * CAE 
F az e 
e) e eee CM. md 
Cm to be perpendicular to AB _ AE, reſpectively. > 
: | Hence, . ä — ;=h, — =h, and * = 


FS 2aaf Tos 
25 — fb; and therefore Am 12 =£ +=) =£+ 


— 1 by making 7 = . 4 


2 


= ſince (by the Iaft problem) A b. sy- 
X x AMx Ang. (where s and c e denote 


the fine and Ane of the given angle MAm, to the 
radius 7) we _ * hence, by ſubſtitutit 3 — 


, 


4 


170 GEOMETRICAL PROBLEMS, 


above values of AM, Am, and AC,: obtain the follow : 


ing e . 
| +1402] AR ie Ba ma * 


: From the ite of f the value of 25 1 
from thence the poſition of the point D, will be 
determined. | 


| Geometricalh. 


15 in AB, there be taken AF=a, and FH be a 
: E to make the angle AFH 
5 = ACB and meet AC 
in H; then, the ratio of 


of the fimilar triangles 
AFH, ACB) being the 
K e that Kd BC 
B to it is evi nt that 
—— . EH is given B. 

Moreover, if HG be drawn, making the angle AHG 
AEC, it will likewiſe appear, that both HG and 
AG are given. | 
For, ag AG :AH:: AC: AE, 

And AF: AH: AC: „„ 
it follows that AG : AF : + AB: AE; whence AG i is 
given: and then it will be 4 % (::ACTEC).: 
AG: HG. Whence HG is given; and, from thence 
the following : | 


Conflruftion, 


| Take Ma, and make the angle AFG=AEB; 
alſo take Al=e, and draw IK parallel to FG ; more- 
over, from the centers F and G, with the intervals 5 
and AK, deſcribe two arcs, and from the point H of 

their interſection draw HF and HA, then a line, BC, 
drawn to make the angle ABC ARF, wall cut AH, 

| produced, in the point required. 

As to the trigonometrical ſolution, it is too obvious, 
from the conſtruction, to need an explanation. But 
it 


FH to AF (by reaſon 


«a r 


„„ 


wir their SOLUTION," 0 +] 


it will be EI to take notice that the mebletr itſelf | 
becomes impoſſible, when the two arcs, deſcribed froit q 


the centers F and &, neither cut, nor touch, each 


other; that is, when the diſtance FG is, either, greater . 


has. the. 5 or leſs than” the — of * and 


95 ? J. 


| PROBLEM LVII. 


| Thre Points, A B, and E, being 2 to herd a a 


fourth Point C, þ that Lines (A BC, EC) drawn' 
from thence to the three former, may have given Dif-. 


 Ferences. {Provided the Difference of no two of 


"the ſaid Lines be given greater than the Diſtance 
af the two. N points from whancs bene are 
drawn.) | 


T 


 Suppoſing the given points to be eines; put AB=a; 
AE = = b, AC = — XX 
BC = x + p; and - -:. 
EC=x+9q (where 
p and ꝗ̃ reprefent the 
given differences 
Then, if upon AB 
and AE, the per- 
pendiculars C M 
and Cm be let fall, 


it will de (by a A N AK Ee 


known property of triangles) AB fa): BC + AC 
(2x +8) 0 AC (p) : BM — AM = E265. 


whence AM = = Ja — 2 Kinky 7 : and, by ke in 5 
ſame argument, FIRE = 7 — * be as two 
values, by putting 4 — 5 = hr and £7 = 27 = Z 


(for the ſake of "VOOR? will become FE —, 21 2 25 
2 2 . - Moreover, 


> * 


—————UͤU— A ere er IO ͤ — — pp pn nn Or — IO 
rr * 9 — I — 


"Hf — —2a— . lt ee ODA acti 
- DIE © * r 


AE * 


By. GrzomerrIcar Prox xs, 


ee if the ine, and the co-fine -o the given 
le MAm, to the radius 7, be denoted by 5 and c, 
iyely, it will appear, from the problem preceding 


de un, that e 


1 or, On 5 eg - 


-E . == Which n _ 


at reduced to ET. — - - „ 
H — «7 4 4 . 
2 +6f * PE” x 2x = 4 — 2 


8 by fobſtituting for the coefficients of the 
powers of x,. c. the value of x, will be found, and 


from thence the poſition of the point C. 


| Geometricall ly. 


1 AB he biſcQcd ; in F, and FG be taken 4 third 


Proportional to 2AB and PQ. (BC— —AC), it is evident, 


© from Problem 49, that G b oy mn 


And, for the very ſame reaſons, if AE be biſkQed 


in and be taken a third proportional to 2 AE and 


ARS (EC - Ac) we ſhall alſo have gm = . 


Whence it __ that GM is to gm, in the given 
1 AB 
ratio of to X ar of PQ to 


— 8 77 of G GI to gi; by W GI=PQ, and gi= 
-- AB x RS | 


* S- 
* 
CY 
% 
wy * 2 * 


r 
p 
|. 


"drawn, interſecting in 
the A point C muſt, 2 ſomewhere, in the 


| ow ns oy 


AC; and BEC, 
| wherein the. point C __ may alſo be determined: 
| whoſe interſ A 


vil. their 18 373 


er GH and 23 . 1259 e gg E 


Tight-line de paſſing through H and K; * inthis 
x it ny be GM: 7 — 14. 55 


8 in the very ſame manner, * the 3 
e poſition, of another. right- line, 


ion with de will conſequently be the 
point required. 
But, inaſmuch as the _ from the poſition of de 


thus given, is now reduced to our 40 Problem, the 

remaining part of the ſolution is likewiſe given, 2 

thence, by a different method: according to which, 
and what is * cM, e have tf 


wg 


Confrutton „„ 


Kang taken fe a third proportional to 2AE and 
gi a fourth proportional to AE; AB, and 
RS; and having alſo taken FG a third proportional to 
2AB and PQ, and ſet off GI=PQ, and drawn the 


pas: de vg the interſections of the perpen- 
| diculars | 


\ 


i 

N 
' 

S | 

1 

| 

. 
{ 


- . — - . n * 6 — 
— n . 
- — —— + ARGS — 2 . 
— . — — res. — — . —— 19" 4p A re . 
* mk. 
” 5 5 - 
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diculars GH, gH; IK, IK, as above ſpecified; let an 


arch. of a circle, from the center K, at the diftance 
of AB be next deſcribed, and through A let HL. be 


drawn, meeting it in L; then a right-line AC drawii 


parallel to that joining the points L and K, will cut 
ar in the point required; as is evident Fon the above 
WMenttoned . By means of which the trigono- 
olution will alſo be brought out. . 


In this conſtruction, the ſolution of the problem 


ſor deſcribing a circle to touch three given circles, is 


determined. 


> 


q "I 


LEMMA. 


Tf from the Vertex of any plane Triangle ABC, a ri r- 
of 4 CD be —_—_ to 2 the Baſe AB in the Ratio 
of nos given Numbers n and m (fo that AD: BD: : 
n: m); then the Sum 25 the Multiples 2 the Squares 
of the two Sides e the Triangle, whoſe Factors are the 
Jaid given Numbers, taken alternately, will ke equal id 
*- the: Sum of the Rettangle o the two Parts of the Baſs 
and the Square of the dividing Line, repeated as often 
2 there are Units in the two propaſed Numbers 
f (that is, m times Alz n times 2 | 
ADxBD+DQC) | | | 


For, ket AD and BD be biſcQted in M and N, and 


VP 


. C upon AB let fall the per- 


pendicular CE; then will 
AC -PC = AD x 2ME 
(Elem. Cor. 1. to 9. 2.) 
Whence it is evident that 
times A- times BC 

m times AD x 2ME. 


2 . And, by the very ſame 
MED N J argument, it appears that 


— ——— 


s BC*— times DCk is = A times BDx2NE. 
RE Therefore, 


time 


A 
* 


it. « 2 
SL f; * 2 . 7 $ ** 


"with their Sor vrions. | "Wo: 


m times Aru times BCF — m + times = 
m times ADx2ME+n times BD x 2NE. But : 
„n:: BD: AD 2 2455 :: BD x 2NE : AD x 2NE 
- Elem. g. 4 AL op erefore x times SOX as 


Therefore, by adding theſe dna guantitles 5 * 


times ADx2N 


Let the 3 of theſe equal 3 be wrote 
above, in the room of the former; ſo will times 
AC|-+ x times BCI = -n n times l- m times 
AD x 2ME + m times AD x 2NE = n times 
AD x2ME+AD x2NE= m times AD x AO 
times ADxBD (becauſe, by conſtruction m: m: 


BD : AB) ; and ar m times AC » tönen 
Ber WF n times DC? + m + 2 times AD x BD. 
, ': DE." D. 

It is : pid from hace that, if m __ 1 be ſuppoſed 
to denote two given lines, inſtead of numbers, the 
fum of the ſolids mx AClz and and nx BC]? will be equal 


to the ſum of the ſolids CEE: Den aud * N. 
AD x BD. 


"1 


PROBLEM 


h x76 GroMerntcaL. company | 


- PROBLEM: LVL, 


| . any Number - of given Points, A, A. B. C, b, Ke. 


2 Lines AP, BP, CP, &c.*o meet in 
ght-line MN given by Poſition, fo ow the Suu 
2 their Squares may be a given Quantity. 


Upon the given line, from all 'the given points, let | 


fall perpendiculars, AQ. 


9 pendiculars, as well as the 
diſtances between them, 
are all given from the po- 
ſition of MN: put, chere 
7 Fr DI 32 = d. G 
$ —Y, =sSz ., 
Oc. Al et Q Px, and 
| the given um of all the 
| propoſed woot 3 

: Then, RP 4 ll SP, N v3 of 


Sa xx ' EN 


We ſhall have, es] md 
by Elem. 8. 2» TP S ccÞxx=—25x+ 5s ey: 
__ CDPF=dd+xx—2i% tt 


Put aa+bb+cc+dd Sc. , r+5+t Sc. =p, 
and rr+55+tt Sc. ; and let the number of the 


given points be denoted by 1. 


then our equation will be reduced to 
bn —2Sx+ =: 
BY 4 


from whence x is found =— "4 . 


An 


dame. 


If PQ be drawn to biſect the diſtance AB, then 
will 1 BQ 2QP!*, by the _ 


BR, CS, Sc. which per- 


__ 1 Kali and e equal· 
F thereof; then will . +CPF=3QR x CR 
, by the ſame, Whence, b adding theſe equal}. 
quantities togethet, and taking 2 (common) away, 
we have AP} + BP + TPP = aAQ e 
x CR + 3RPPÞ. 
1 by N 
ea = | 
rage Fs 8 As — 
og 3K F- any 
DPI = Ny: « : | 
DA + 48 


Wo gh 1 
AP. + BFR + 
TP. + DP. = E. 
2AR8xBQ.+ 30R x CR + 4RS x DS + As by the 
addition: of equal quantities. 

In the ſame manner, if SE be n and ST be 
taken =+ thereof, we ſhall have 4SP}? + EP} = 
SSTxET+5TP "ND Whence, again, by the addition 
of equal quantities, A 'AP2+BR*+CM*+DP1*+EP» 
TP BQ 3QR x CR +4RS xDS+5 ST *r 


5 


Hence it is evident ( without proceeding further) thaw | 
let the number of the given points be what it will, 
the ſquare of the laſt of the lines QP, RP, SP, TP, . 
&c. drawn as above, will always be a given 8 
becauſe the ſum of all, the rectangles 2A 

QRNY CR, 4RSx DS, c. (or that of their — 
3F> 08, QCxRC, RDx8D, G.) is given, by the 
poſition of the points A, B, C, D, &c. | 


A a Lp In 


the exceſs of the given ſam 
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In order, PREY to $9 geometrical ————_ | 
let a rectangle be conſtituted 07 Elem. 7. 6.) equal to 
the ſquares above the 
ſum of the ſaid Ron les: then find a mean yur | 
portional between the length of the rectangle, bn 
determined, and that part of. its breadth defined by = 
number of the given points; with which, as a radius, 
from the laſt of the points Q, R, 8, 5 c. let the 
circumference of a circle be deſcribed ; which will in⸗ 
terſect/the line MN, in the point P, required. 

If, inſtead of the right line MN, the circumference 
of a circle (or any other curve line given by poſition, 
be propounded (wherein the lines, drawn from the 
given points, are required to meet), the method of 
conſtruction,” will, it is manifeſt, be exactly the ſame. 

And it may not be amiſs to obſerve farther, that if 
ax AP1*+5 x BP+c x CP + 4 x DP, &. (where 
4, b, c, d, Wc. repreſent known quantities, either 
| numbers or lines) be ſuppoſed given, the locus of the 
point P will, //7://, be the circumference of a cigg 
determined after the ſame manner, Dos: —_ pren 
lemma. 1 


AO. ee 
+: by 2 1 hog | 
this =__ IF DS: : dratbbe © „„ 
8 ET : :e: a+b+c+d, e 


and then proceedin 5 above, it will appear that a * 
IPP TIP. He *+ Oc. is equal to | to AQ 


XQBFa+3Fe*xQR xRC+a+3+:Fd4xRS x 


SD + @+b+c+d+e x ST x TE +a+b+c<+d+ex 
Pl..  Whence it is evident n "TP: is a . 
quantity. . . 


FAR T 


— 


ws | . rey 7 29 
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* .. * „ 3 * — 
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3 ST A | 8 Ob OY 7 : x5 derb 7 by 5 N wy * 
The THEORY. of GUNNERY, or the 


— 


Moriox of 'ProjecTILEs, is conſidered. 


— 


Fn 
( 


Ir i. uſually, taken for granted, by thoſe Who 

treat of the motion of projectiles, that the force of 

ravity near the earth's ſurface is every where thg 

ame, and acts in parallel directions; and that the 

effect of the air's reſiſtance upon very heavy bodies, 
to 


t , * 


ſuch as bombs. and cannon balls, is too. ſmall to be 


taken into conſideration. _. J 
That the error ariſing from the ſuppoſition of 

Samy acting uniformly, and in parallel lines, muſt be 
exceeding ſmall, is very obvious; - becauſe, even, the 
reateſt diſtance ,of a. projectile above the ſurface of 
the earth, is inconſiderable in compariſon of its diſtance 
from the center, to which the gravitation tends : but 
then, on the other hand, it is very certain, that the 


reſiſtance of the air, to very ſwift motions, is much 


greater than it has been commonly repreſented. 
-: Nevertheleſs, if the amplitude of the projection, 
anſwering to one given elevation, be firſt found 
by experiment (which our method ſuppoſes to be 
done) the amplitudes in all other caſes, where the 
elevations and velocities do not very much differ 
from the firſt, may be determined, to a ſufficient 
degree of exactneſs, from the foregoing hypotheſis : 
becauſe, in all fuch caſes, the effects of the re- 
ſiſtance will be nearly as the amplitudes themſelves ; 
and, were they accurately fo, the proportions of the 
ES A2 2 amplitudes, 


* 


rn. 
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amplitudes, at different elevations, would then be the 
very ſame as in vacw..  _ SN | 
; For this reaſon, and to avoid having recourſe ta 
principles and calculations no ways adequate to the 
experience and underſtanding of beginners, for whoſe 
bſe this little tract is'chiefly intended, I ſhall, in what 
follows, conforin to the method of other writers, ſo 
far, as to take no notice of the air's reſiſtance ; but 
conſider the motions as performed in vacuo. _ 
Now, in order to form a clear idea of the ſub- 
| Jet here propoſed, the path of every projectile is to 
conſidered as depending on two * forces; 
that is to ſay, on the impellant force, whereby the 
motion is firſt began (and would be continued, in a 
right-line), and on the force of gravity, by which the 
prfojectile, during the whole time of its flight, is con- 
Tiaually urged downwards, and made to deviate more 
and more from its firſt directio o. 
As whatever relates to the track and flight of a ball 
(negleCting the reſiſtance of the air) is to be deter- 
mined from the action of theſe two forces, it will 
be proper, before we proceed to conſider their joint 
effect, to premiſe ſomething - concerning the nature 
of the motion produced by each, when ſuppoſed ta 
act alone, independant of the other; to which 
end the two firſt, of the four following /emmas, are 


* 


premiſed. 


LEMMA 


Abe 8 ty 


— 2 


4 ws „5 © # 
< K £3 | ” $1, 


Fer 15 he br — "eg A” it is oo 


in Motion, cedſes to act, continues to _mqve unf 


in a Right-line; unleſs it be e 2 Jone — | 


1 or Enel. 


This is a law of rue, and has" its cemonitration 
from experience and matter of fot, 


— 


1 — 


- 


be: Rien from * that a ball, $57 * the 
mouth of the piete, would continue to move along the 
line of its. fi fel. direction, and deſeribe ſpaces therein 
proportional to the times of their deſcription, were 


CorolLaxv. „„ 


it not for the action of gravity; — vhs _ es 25 


is eee and the motion 7 xg 


LEMMA u. 


- 
2 


The 1 or hal r 'L 4 a; a Ball, in fry 
Force of an uniform 
ravity, is as the Time of i Deſcent ; and the Space 


2 from Ref, b 


fallen through, as the Squire of that Timc. 

The firſt part of the Jemma is extremely obvious: 
for, ſince every motion is proportional to the force 
whereby it is generated, that generated by the force 
of an uniform gravity muſt be as the time of the 
deſeent; becauſe the whole effort of ſuch a force is 
proportional to the time of its action; that i is, as the 
time of EY * 


þ 


R 


equal to the aboyvementid 
— &c. it follows, by \ 


„e 
d 7 d 


211771 
. a - 
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N To demonſtrate that the Miſtarices deſcendeq;᷑ are pro- 


a 5 portional to the ſquares of tYe times, 
let the time of falling through any pro- 
1 poſed diſtance AB be repreſented by the 
A right-line PQ; which, conceive to be 
24 YE divided into an indefinite number of 
4 — y ſmall, equal, particles, repreſented, 
„ J. „ by the 7 m; and let the diſtance 
defoended in the firſt of them be Ac; 
in 1 die ſecond cd; in the third de; and 
ſo on. 
5 - Then the velocity acquired - being 
| always as the time from the begin- 
ning of the deſcent, it will at the 
| middle of the firſt of the ſaid particles 
1 be repreſented by Im; at the middle 
of the fecond, by 13m; at the middle of the 
third, oy 24m, &c. 5 values . the 
| 2 


4-0 a | = 
ſeries = * — 5 7 3 Oc. 


2 2 2 


But, fince the velocity, at the middle of any one of 
the ſaid particles of tꝭne, is an exact mean between 
the velocities at the tYextremes thereof, the correſ- 
| ance 'AB may be therefore 
th that mean velocity: and 


Oc. being, reſpectively, 
vantities , 8 
e continual addition of 
theſe, that the ſpaces Ac, AA Ae, Af, Sc. fallen 
through from the beginning, will be expreſſed by 


fo, the ſpaces Ac, cd. 


be 2 | 
x 2 © ä — — 3 TY Which are, evi- 


dently, to one another in proportiol as x, £2D 16, 25, 
Sc. On, as the ſquares of the ti 


a | ? ? Coro, 


*s 


— 


# 


* 2 7 N ; \ 


. ConoLLARY, „ 


Seeing the velocity acquired in any number u; 
of the aforeſaid, 2 particles of . Sin (meaſured 
by the ſpace that would be deſcribed in one ſingle 
particle) is repreſented by n times m, or n m, it will 

erefore be, as x particle of time, is to x ſuch 
particles, ſo is » m, the ſaid diſtance anſwering to 
the former time, to the diſtance, nm, .correſponding 
to the latter, with the ſame celerity, acquired at the 
end of the ſaid x particles. Whence it appears that 


| the ſpace = (found above) through which the ball 


falls, in any given, time u, is juſt the half of that 
(fm) which might be uniformly deſcribed with the 
laſt, or greateſt, celerity, in the ſame time. 


— 


SCHOLIUM. - 


It is found, by experiment, that any heavy body, 
near the earth's ſurface (where the force of gravity 
may be conſidered as uniform) deſcends about 16 feet, 
from reſt, in the firſt ſecond of time. — N 

Therefore, as the diftances fallen through are proved 
above to be, in proportion, as the ſquares of the” 
times; it follows that, as the ſquare of x ſecond, is 
to the- ſquare of any given. number of feconds, ſo is 
16 feet, to the number of feet a heavy body will 
freely deſcend in the faid given number of ſeconds. 

. Whence the number of feet deſcended in any given 
time will be found, by multiplying the ſquare of the 
number of ſeconds by 16. 5 — 5 
Thus the diſtance deſcended in 2, 3, 4. „Ec. 
ſeconds, will appear to be 64, 144, 256, 400 F, Sc. 

reſpectively | | PS Eats 
Moreover, from hence, the time of the deſcent 
through any given diſtance will be obtained, by dividing. 
the ſaid diſtance, in feet, by 16, and extracting the 
ſquare root of the quotient ; or, which comes to ans 


\\ 
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ſame thing, by extracting the ſquare root of the 
whole diitance, and then taking 4 of that root for 
the number of ſeconds required: Thus, if the diſtance 
be fuppoſed 2640 feet; then, by either of the two 
ways, the time of the deſcent will come out 12.84 

, ſeconds, or 12”. 50. 4. ; : 

IIt appears alſo (from the corel.) that the velocity per 
ſecond (in feet), at the end of the fall, will be deter- 
mined, by multiplying the number of ſeconds in the 
fall by 32: thus it is feund that a ball, at the end 
of 10 ſeconds, has acquired a velocity of 320 feet 

per ſecond. —— After the ſame manner, by having any 
two of the four following quantities, viz. the force, 
the time, the velocity, and diſtance, the other two may 
be determined: but this not being abſolutely necefl: 
in what follows (though equally uſeful in other diſ- 

7 quiſitions) I ſhall put down the ſeveral rules, or 
equations below, in a note, “ to be taken, or omitted, 


at pleaſure. | 
1,4; 8 OO LEMMA | 
5 * Let the ſpace freely deſcended by a ball, in ihe juſt 


fecond of time (which is as the accelerating force) be 

noted by f, alſo let t denote the number of ſeconds wherein 
any diſtance, d, is deſcended; and let v be the velocity, 
per ſecond, as the end of the deſcent : then will l! 


v=aft=2/WU== : 
4 ; | 
7 f af 7 . \ 

vx tv 


* 


All which equations are very eaſily deduced from the due 
original ones, d=ftt, and v=2ft, already demonſtrated ; 
the former in the propoſition itſelf, and the latter, 
in the corollary to it; by which it appears that the 

"<3 - mea ſure 


3 
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ä LEMMA III. 
4 Ball, projeBed in the Direfion of @ Right-lins AC 


7 5 its fe Direction; but the Celerity with which. if 


approaches any Perpendicular (BC) ta the Horizon, is 


naidtber increaſed nor decreaſed by the Aclian of Gravity. 


For, let a line HM Q, perpendicular to the 
horizon, be con- C 
ceivedyto moye pa- A. 
rallel to itſelf, to- 
wards BC, along 
with the ball: then, 
as the gravy al- 
ways acts in this 
line, it can have no 
effect in making it, 
either, move faſter 
— ſlower towards | | 
BC; but is wholly | — | 
employed in draw *: 3 | - B 
ing down the projectile along the ſame, from its firſt 
direction AC; and thereby cauſing it to- deſcribe a 


curve-line AMB. 
55 Conor. 


— 


meaſure of the velocity at the end of the firſt ſecond is of; 
whence the velocity (v) at the end of t ſeconds muſt con- 
ſequently be expreſſed by af x t or aft. bY | 
Having proceeded thus far, I ſhall here take the oppor- 
tunity to point out, and reftify an inadvertant expreſſion, 
at p. 230 of my Book of Fluxions, relating to this ſubject. 
AI. is there ſaid, by way of remark, that, whatever 
ratio the times have with reſpect to the diſtances 
deſcended, c. the ſame alſo will the velocities have, 
br: Milpiy BRO ns | being 


making an Angle with the Horizon AB, is, by Means = 


X. 


— 
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COROLLARY... 


Hence it appears that the projectile, at the end of 
a given time, is in the very ſame vertical line HG, 
as it would be in, if gravity was not to act; and that 
the horizontal diſtance AH, as well as the hypothenuſe 
AG, is Proporrena to the Lime wherein the projectile 
actually moves through the arch AM, correſponding 
to the ſaid diſtance. l 855 3 


— - — 
* — 7 — 


being proportional to the times. ¶I bich ob ſervation, 
it is clear from the words themſelves, ought to be reſtrained 
to thoſe caſes, where the velocities are proportional to 
the times ; that is, where the accelerating forces are equal. 
Therefore, inſtead of the ſaid obſervation, as it now ſtands, 
read, What is above demonſtrated with reſpect to 
the times, holds alſo in the velocities, when the 
- accelerating forces are equal. DON 
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LEMMA IV. 


The Defletions Fry” mng from the Aion of Gravi, = 
vertical Diſtances, MG, BC, ot 7 Path 
. of the Ball and the Line of Direction, are in proportion, 
to. one another, as the Squares of the correſponding Paris 
AG, and AC, of the faid Line of Direction. p 


Commive a line GM“ to be carried along, aner 
to BC, ſo that its extreme point G may trace out the 
line of direction 
AC, in the very 
ſame manner as 
the projectile itſelf, 
would deſcribe it, 
were it not to be 
deflected therefrom - 
by the action of 
| nk; then 
ince, by the pre- 
2 lemma, the 
projectile is always 
in the line GML, 
and the force of 
gravity is, 'wholly, 
employed in urging 
it downwards, alon 
that line; the 87 
fect produced by the 
ſaid force, or the 
diſtance MG of the R 
ball from the extreme point G, at the end of any 
iven time, will conſequently be- the very ſame, as if 
the line GML (inſtead of being carried uniformly to- 
wards CB) was to have continued in its firſt poſition 
AR, and the ball ſuffered to deſcend. from reſt alon 
that line; the force employed being the ſame in both 
caſes. But it is proved, in Lemma 2, that the ſpaces AP 
as 1 5 that would be 9 in deſcending, 80 
a 4 | 
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from reſt, are as the ſquares of the times; therefore 

their equals GM and CB are likewiſe as the ſquares of 
- * the ſame times; that is, of the times wherein Al 

and AMB are deſcribed: which are to Sen other às 


2 8 to AC}* bs Corol. to Lem. 3) 
| | CoxoLtany + 


* 11 B be taken as the point where the projectile ir im- 
pinges on the horizon AB, and in BC (perpendicular 
to AB) there be taken Cle =GH; then a right-line, 
drawn from I to A, will cut the vertical line HG in 


the very point (M) through which the center of the. 
projectile paſſeth.. 
For Ac: AGH :: BC: MG, ks We) 
and Th: AGÞ : LE Hoy, by im. triangles. i 
Theref. BC: MG: : HY 3 n rates : x 
and —_— MG * BC=HGP. 


_, a | : | 


A: & IE „ 
This, turned into an analogy, ! BS HG: 
5 G: MG; and fo likewiſe is BC to CI (becauſe 29 
* the parallel lines. ο Whence it is evident that HG and 
ES be, Cl are equal to each other, in all poſitions ; of HG: 
| by means whereof, as many b in Ge curve, m7 
you pleaſe, may be determined. i384 145 


5 FEM = 2 IN Cons: 


. . 4 hes | 


4 5 . uy 2 5 7 


UE 
— %+ 
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dla . ˙ IE; © +6 f/f ld 
If Ns be drawn, parallel to AB, interſecting 
BC in N, and meeting the circumference of a ſemi- 
circle, deſeribed upon B „ in S; it will further ap- 
pear, that the height (HM) of the, ball is every- 
where a third proportional to BC and NS. For, 


ſince BC: HG: : HG: MG, it follows, by diviſion, 


. „BNV. _ CN BN 


| ; = '* 1. , Y 8 5 | 
5 _— Elen. 16. 3.) E Hence it is evident that the projec- 
' tile willbe at its greateſt height, when it has performed, e 
juſt, the half of its flight; ſince it is well known that 
NS (and conſequently ei + ) is the greateſt poſſible \ 
| when it coincides with the radius R. 
It appears moreover that the heights hm, HM, of 
the ball, in any two vertical lines, equally diſtant from 
that paſſing through the higheſt eint E of the trajectory. 
are. equal; becauſe the correſponding ordinates »s and 
Ns are equal, as being equally diſtant from the center 
Q of the ſemi-circle.—Laſtly, it is apparent that the 
greateſt altitude DE is ABC; | becauſe = when 


NS coincides/ with OR, becomes = =o: = 3 BC. 

Which may be otherwiſe made out, by conſidering, 
that, as AF is but the half of AC, its ſquare will be 
only 7} of the ſquare of AC; and therefore FE only 
2 of BC. (by the lem And 95 DF being =3BC ( 
fem, triang.) DE, as well as FE, muſt be ABC. 


by [4 g * , — , 7 * 4 , 
F * . — ö 3 
AL | bi roy ge | 
A 8 5 ; wa # N a 
a | $ | 4 120. 711 ST ** * — * 3 * * 2 
. f ? 27 N 1 d * 5 « : 2 1 3% * 
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De Amplitude, or horizontal Range of a Piece, with a 
given Charge of Powder, at an 5 of 45 Degrees, 
being known, from eriment; to determine the 
Elevation ſo as to hit an Object, at a given Diſfancg, 
en the plane of the Horizon; the Duanttiy of Powder 


- 


Ry remaining the ſame. 


Let PQ be the given amplitude, at an elevation 
_(QPR) of 45 Haw, let AB be the given diſtance. 
2 3 R of the object, and BAD the 
required elevation: in AB, 
produced, take AO=PQ,, with 
ET | which: as a radius, from the 
en -." 4 center O, tet #'ferhi'- circle 

AME he deſcribed, and let 
AD, produced, meet the peri- 
phery thereof in H; join E, H, 


. * N and make DB and HI perpen- 
"HO Q Scar AS 299757 
M 5 
N 
1 * D 4 4 
y G ” : ; 


+ 


Since the charge of powder, or the velocity at 
both the elevations QPR and BAD, is ſuppoſed to be 
the fame, the times of flight, during which the dif- 
tances PR an would be uniformly deſcribed with 
that velocity, will therefore be to each other, directly 
= the faid diſtances ; and conſequently PR}* _—_ : 


ES EH=AD : and ſo, the triangles EHI and ADB 
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RQ_: DB y principles alreauy explained, vid. Lem. 3 
Bur PEÞ (=PQ*+KQ}) =3RQÞ (becauſe the 
angle P (=45% R.) Hence the above proportioi 
becomes 2RQ1z ::: RQ: DB; from which „„ 
bare ADF=2RQx DB=AE DB, by frre 
Moreover, from the ſimilar triangles ABD "MW 
AHE, we have AE: EH : : AD: DB; whence EH 
x AD=AE x DB=AD}® p. above) and conſequent! 


being equiangular, it is plain that HI is alſo equal t 
AB. hs follows, this eaſy „ 


Conſtruction. 


SF ; 5 bs — 0 i, FM. 
With an interval equal to the given amplitude, at y Z1FE fl 

the elevation of 45%; * a ſemi- circle AME be deſ- 44. 2 
cribed; make 8 perpendicular to the diameter 7 
thereof, in which take ON equal to the given diſtance C / 4 

AB, and through N, parallel to AE, draw HN, in-1- 2 6A i 
terſecting the circumference in H and +; then either of A CA & 
the be dcr. AH, or Abt will anſwer the conditions Gps: /3.48 
of the problem. EF. IE e 
CokoL LAT I. Tr . 5 


If OH be drawn, the angle EOH will be =2EAH 
* (Elem. g. 3.) and it will be, as OH (PQ): HI.(AB) : : 
radius: fine EOH ; that is, in words, as the given 
amplitude, at 45 elevation, is to any other propoſed 
amplitude, ſo is the radius, to the foi of twice the 
elevation correſponding to the latter. From-whence 
it is evident, that the horizontal amplitudes, at dif- 
ferent elevations, are to one another as the fines of the 
doubles of the ſaid elevations ; and that, the amplitude 
of the projection at an elevation of 45 degrees (when 
HI coincides with MO) is the — poſſible. 


8 , + 
rr. 
. . : N ; go os * 5 ö 
. 2 3 * 
* * 5 « , 1 4 
. 
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- Conoilany II. 


Since it is found above that AExDB (=ADls) = 
EY, it follows, that AE]: : EN : : AFl» : AEXDB 
: AE: DB:: FAO (4AE) : CV (ZDB. vid. Corel. 
2. 10 Lem. 4.) that is, as the ſquare of the radius, is 
to the ſquare of the /ine of the angle of elevation, ſo 

is half the greateſt horizontal amplitude, to the greateſt 
altitude of the projectile. 5 . 
Hence it appears, that the diſtance which the ball 
would aſcend, projected in a vertical direction 
ſiuſually called the impetus) is juſt one half of the greateſt 
amplitude; ſince, in this cafe, the ſine of the elevation 
becomes equal to the radius. | | 

Therefore, as a body (in vacuo) afcends and deſcends 
with the ſame celerity; and ſeeing the diſtance AG, 
expreſſing the perpendicular aſcent, is as the ſquare 

of the celerity at A p. Lem. 2); it follows that the 
greateſt horizontal amplitude AO, being =2AG, is 
alſo as the ſquare of the ſame celerity. 3 

From whence, and Corol. 1, it is manifeſt, that the 


amplitudes, when both the elevations, and the velocities, 


differ, will be to each other in a ratio compounded 


olf the- ratio of the fines of the double elevations, and 


the duplicate ratio of the velocities. 


t 


1 ge | PROPOSITION | 


* 1 1 4% 
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' PROPOSITION . | 


The 2 horizontal Amplitude, and the 455 of Ele ; 
vation being given; to find at what «Diſtance the Piece 
2 ht to be planted, to hit an Objeft, whoſe Hei ight 
above, or Depreſſi on | ele the A of th Flas is 


| alfa given. TL . * 5 


Let BC be the e height, or depreſſion 
of the propoſed object, and AB the required diſtance; 
© BC, produced, meet the line of direction AD i in 
and let P be the place where the path of the pro- 
50 (produced) meets the level of the piece: make 
. to AP, and CN ace to AD. 


0 n * | D TP 0. 
* 2 J . | ” 4 * 


ö N 5 "6X 7 E 2 by 


By the laſt propoſition i it will be, as radius n. 2A 
he A ——__ horizontal amplitude, to the diſtance 

AP; ; Which, therefore, is known. | 

Moreover, it appears. from the fourth proportion, in 
Corol. r, to Lem. 4. that PQ: BD: : BD : CD. | 
But 18 8 . 8 | by ſimilar triangles. . 
Therefore, by AA of ratios, | | 
. ; * zn: AN; 8 


Cc | _ whence © 


* 
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[+ 1 wWhence AP: PRB:: AB: BN y diviſion) 

"41 and conſequently APx BN=AB x PB. © DOES 

4 Let AP be now 3 O; then A BRB (or 

14 - its equal AP x BN) being = AOE N URN (Elem. 7. 2.) Cc d: 
L * 228 we therefore have OBI: = AO F AP x BN =AO 3 | 

„=. AO+2BN ; whenc ARJie likewiſe 8 Z. IJ. 

27 —— 2 140 « R | 2 — 7 = n: 

4 X A0+2 BAD J-  - Conoiiary. | N= 85 |; 

If the amplitude AP, the elevation PAQ, and the 

diſtance AB of any perpendicular BCD from the 
place of projection A, be ſuppoſed given; then the 
height, or depreſſion of the ball in that perpendicular, 
mays from hence, be found. | 
For it is proved that AP: BP: : AB: BN; from 
which BN is given.: but, as the radius, is to the 
tangent of BNC (or BAD) ſo is BN to BG. 


* PROPOSITION III. 


Having the greateſt horizontal Amplitude, or Ranige of 
a Piece, with the Diflance and the Height (or Depreſſion) 
e the Object, to find the Angle of Elevation. 


Let BC {i fig. 1 and 2) be the perpendicular 
height, or depreſſion of the object, AB the given 
| „ NM horizontal diſtance, 
5 and AH the required 
direction: alſo let 
L. PQ (fs. 3.) be the 
greateſt horizontal 
amplitude, anſwer- 
ing to 452 of ele- 
e F vation, (vid. Cotol. 
1. Prop. 1.). Draw AC, in which produced (if need be) 
take AG = PQ; make MGO perpendicular to AG, 
meeting AB produced (if neceſſary) in O; and from 
the center O, with the interval OA, let the circum- 
ference of a circle be deſaribed, interſecting AG pro- 


duced, 


— 


50: 


tively, and let BC 
5 be produced to meet N. 
AH in D. 


: 2 we have ADÞ : 3 AE 
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duced, in E; pin E, H, and let HI, AN, N be 
perpendicular to AE, | 7 4 he” 


AO, and PQ reſpec- | 38 


It appears, from 
what has been al- 


ready delivered, that — | | F | 
Al. PR. De A "2 Q [B 7 
: RQ. Whence, r 
PR being =2PQ| + OA E 
NU. = FAEÞ, md RQ=PQ= zAE @ 17205 


* SAE; and conſequently | N 
i 

But, the triangles ADC and 
AEH being equiangular (becauſe 
ADC = DAN = E, and DAC 
common) we likewiſe have AD : P Q 
DC: : AE : EH; and therefore AE x DE=AD*EH 
H p. above) whence EH=AD; and ſo, the 
triangles 48 and EHI being equiangular, we like- 


wiſe have HI AB; and from thence this eaſy 


Confrudton 


Having deſeribed the circle AHEF, as above directed, 


and drawn MG perpendicular to AE, take therein 
Gn equal to the given horizontal diſtance AB, and 
through u, parallel to AE, draw Hh, cutting the cir- 
cumference of the circle in H and ; then either of 
the directions AH, or Ah, will anſwer the conditions 
of the problem. 

From this conſtruction we · have the following cal- 


culation, viz. As AB: BC :: AG (PQ): GO; which, 
| added to. or ſubtracted from Gn (AB), ””__ On. 


Cca2 Then, 


9 


* 22. 


9 7 9 
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Then, as AG (PQ) : On : : co-fine of OAG : co- 
fine HO = (HA) the difference of the two required 
\ _ elevations : from which the . elevations themſelves will 
be known: and from whence, if BC be ſuppoſed to 
vaniſh, the ſolution to Prop. 1. will be obtained ; bein 
only a particular caſe of that above. 2 1 


CokRoLLARY I. 


. - Hence the time of the flight may likewiſe be deter- 
: — for, S. AHE (ACD) : S. HAE — AE: 
8 AHE . AE = HE = AD /p. above) which being 
proportional to the time of the _ (vid. Lem. 3.) 
it follows that the ſaid time will, always, be as 


* becauſe AE is ſuppoſed conſtant. There- 


S. ACD * | | 

| fore, if the time 
of the perpendicular 
aſcent,, or deſcent, 
through the impetus _ 
AN, be found, and 
denoted by T7, it 
is evident that the 
time ſought will be 
truly repreſented by 
n ar, .that 
S. ACD 5 

is, the co-ſine of the 
object's elevation 
above, or depreſſion 
below the level of 
the piece, will be to 
the ue of the ele- 
vation of the piece 
above the object, 


„„ 8 5 E as twice the time 
of the perpendicular aſcent, or deſcent, is to the true 


time of the flight. 3 
1 . CoR ol. 
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| ConollLaky II. . „ | 


If the elevation of the piece, together with the 
diſtance,, and the height (or depreſſion) of the ob- 
Jject, be given, the impetus may, from hence, be 
alſo found. N bs fo 

For, firſt, it will be AB : BC : : radius : tang- 
BAC; whence (as BAD is given) EAH will likewiſe 
be known. 0 1 
| Then, S. EAH (CAD) : S. AHE (ACD) :: HE | 
(AD): AE. Alfo S. ADC: radius : : AB: AD. |} 7 

Therefore, by compounding theſe proportions, we , LE, by 
have S. CAD x S. ADC : radius x S. ACD: : AB: \Payly 4 
AE; which is four times the required impetus (vid. TA 
Corel. 3. to Prop. 1.) . | | Eu: 


Corollary III. 


Moreover, if the elevation, and the impetus be 
given, the amplitude of the projection on an aſcend- 
ing, or deſcending plane ACE, whoſe inclination is 
given, .may from hence be derived. | 
For, S. AHE (ACD): S. EAH (CAD): : AE: 
EH (AD.) And S. ACD: S. ADC: : AD: AC. 
By the compoſition of which proportions we have 
S. ACD: S. CAD * S. ADñʒC:: AE: AC; whence 
AC is given. : „ 


FF | _ Coroitany IV. 


Hence, alſo, may the ratio of 'the amplitudes, on 
the ſame plane, at different elevations, be deduced: - 
for the firſt and third terins, of the laſt proportion, 
continuing invariable, the ratio of the 24 and 4 will 
likewiſe be invariable ; that is, the rectangle under the 
Ane of the elevation above the plane, and the co-/ine 
of the elevation aboye the horizon, in any one caſe, 
will be to the like rectangle, in any other, as the 
amplitude in the former caſe, to the amplitude in 
the latter. | 5 

4) CoroLs 
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COROLLARY V. 


But, if the elevation bs ſappoſed conſtant, and the 
plane” s inclination to vary; then, ſince, by the above 


S. CAD x S. ADC 
proportion, AC is univerſally = O fine n 


AE (where AE and the angle ADC are fuppoſed con- 
ſtant) it follows that the amplitude will be, barely, as 


— > that is, mver/ely, as the ſquare of the co- 


18 5 
En of the inclination of the plane, applied to the /ine 
of the elevation above the plane.—If both the incli- 
nations, and the elevations, differ, it will appear, from 
the ſame equation, that, the amplitude will be, uni- 
' wverſally, as the rectangle of the 7 ne of the elevation 

above che plane, and the co-ine of the elevation above 
the herizon, applied to the ſquare of the co-/ine of the 
_ 8 * 


ConolLARx VI. 


Since it is proved that HI is, always, equal to AB, 
it is evident that, when the former coincides with 
MG, and thereby becomes a maximum, the latter will 
alſo be a maximum : in which circumſtance AC will 
likewiſe be a maximum; and the point D will then 
coincide with M and H /as in the annexed figures) be- 
'cauſe AD and EH are alwa * equal to each other. 

DMH herefore, ſince, in this 


caſe, the angle HAE 

is (=E) = NAH, itt 

E pears that the ampli- 

| A tude, on any inclined 
plane, will be the great- 
eſt poſſible when the 
B O F line of direction AH 

dilects the angle EAN , included. between the my 


. and the zenith. 


Chinon: 
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CoroLLaky VII. 


lane, with a given impetus, may be determined: 
or the right - angled | 1 
triangles AO G. and 
HOB, having AO = 
HO, and the angle 
O, common, are equal 
in all reſpects: there- | 
fore it will be, as the . 
tungent of AHG 0 A 
BAH, the piece's ele- fo — FL 
vation) is to the rang. (ew A YE 
of CHG (or CAB, the plane's inclination) ſo is AG 
(twice the given impetus) to the. difference CG be- 
| tween the ſaid double impetus and the amplitude 
fought. f 5 F 


Conor EAA VIII. 


Hence, alſo, if the greateſt amplitude, on an inclined | 


plane be given, the impetus may be found: for, it 
will be as the radius, is to the ine of the plane's ineli- 
nation BAC, ſo is the given amplitude AC to the 
difference (BC or CG) betwixt it and twice the im- 
petus. Vid. Corel. 2. to Prop. 1. n 


| CoroLLaky IX. 


But if, inſtead of 'the plane's inclination, the per- 
pendicular height, or depreſſion of the object above, 


or below the level of the piece, be given; then, AC - 


being AG T BC, and ABÞ (=ACÞF—BCÞ) = 


Ah T 2AG x BC, the greateſt diſtance AB, at 


which the ball can poſſibly hit the object, will there 
fore be =" AG x AGÞ2BC: . From which, as all 


the. ſides of the triangle ABC are given, the angle - 
1 N R 


Hence the greateſt amplitude, on any inclined 


4 


/ 
1 * 
Re e 
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BAC will likewiſe be known; and from thence, the 

elevation, BAH, 'by Corol. 6. ; 

From the latter of the two caſes here conſidered 
| (where the object is ſuppoſed below the level of the 

piece, as in fig. 2.) the greateſt amplitude of a ball, 

projected from a given height above. the plane of the 


horizon, is given; being 2 VG x AG+2BC, (as 
above) in which BC denotes the given height. 


5 CororLLaky X. 
But, if the horizontal diſtance AB is given, and it 
be required to determine the greateſt height the ball 
can poſfibly reach, in the perpendicular BCD; we 
ſhall then haye, HG (AB) : AG: : radius: tang. of 
the elevation (BAH or AHG); and, as radius: tang. 
BAC (=2BAHt 90) : : AB: BC; which therefore 


is known. But, becauſe AC=AG+BO, and BCI E- . 
ACF ABl, the value of BC will, 40%, be truly 

| AG © AB? | | n 
expreſſed by . . 


2AG : OR 
CoRALLART XI. 


Laſtly, if there be given the perpendicular height 
or depreſſion, of the object, and its horizontal diſtance, 
in order to determine the elevation, and the leaf? 
impetus, to hit the object: then it will be as AB: 
BC : : radius: teng. BAC; whence the elevation BAH f 
is alſo known, by Corel. 6: and, as radius : tang. AHG LY 
(BAH) : : HG (AB) : AG; the half of which is the 
impetus, by Prop. 1. Coral. 2... | 


ba) a, 


n Com)” 


Here follow the pracni cal Solutions of the ſeveral 5 


Caſes depending on the foregoing TxRORT. 


'E Of Projeffions made on the Plane of the Horizon. ; 


PROBLEM I. 


— 


The preate Amplitude of a Piece being bnown ( from 
1 to find the Amplitude, at any propoſed. . 


Elevation. R 
\ SOLUTION. | 

As the radius is to the ſine of double the propoſed 
elevation, ſo is the given, to the required, amplitude 
(by Prop. I. Cor. 1.) . 


Ex. Let the gr. amp. be 8000 feet, and the given 
elev. 30? 16. | : | | 
Then, as radius + +. 110. ooo 


to fine 6 3x7 9. 9398 
10 -- 8000 3 « * : Z- 9030 


Amp. req. 6965 f. 38.8428 


5  - PROBLEM II. 


The Impetus, or the greateſt Amplitude (which is the Double 
thereof ) being known, to find the Elevation, to ſtrike an 
Objed at a given Diſtance. | 


SOLUTION. 


As the greateſt amplitude, is to the given diſtance ; 
ſo is the radius, to the fine of the double elevation (by 
Prop. 1. Corol. 1.) 


x. t the gr. amp. be 7500 f. and the given 


diſtance 5620 f, 
424 > D d Then, 
| _ bs 
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Then, as 750 fe. oþ Bo 5 


is to 5620 > 3 7497 
ſo is radius . R 5 <7 Ii 0000 


to the ſine of 48 32“, or 131 2 9. 8747 
Therefore 24 16 is the lower, and 65 44 the 
higher elevation „ required. 8 


PROBLEM mn. -- 


The Angle of Elevation, and the D ;ftance of an Object, 
being « given, to find the 1 fo as to Finke the 
bjedt | . 
SOLUTION. | 
As the fine of twice the elevation, is to the radius, 


ſo is the diſtance of the object to twice the eds 


(by Prop. 1.) 
Ex. Let the elev. be 32 12 my the given diſt 
650 f. | | 
Then, as ſine 64" 24 . 1 9. 9551 
is to radius „„ „% 6. Wor 
3 „ 3.8129 
7208 . 23. 8578 
Whence 3604 is the impetus required. : 
PROBLEM IV. 


The Amplitude, at any one known Elevation being given, 
to find the Amplitude at any other knawn Elevation. 


155 


SOLUTION. ou 


As the ſine of double the firft elevation, is to the 
ſine of double the ſecond, ſo is the amplitude at the 
former, to that at the latter (by Prop. 1.) 


Ex. Let the firſt elev. be 25 12, the ſecond 36" 1 5, 
and the given amp. 5250 f. 
'T hen, 


1 
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* hen, as ſine 50 24 co. ar. o. 1132 
to ſine . 72 30 9. 9794 


6b. Jai r 
to the amp. req. 6498 f. - 0 113. 8127 1 03 


PROBLEM v. 


The Amplitude of the Projeftion, with a given Quantity 


Y Powder, being known ; to find the Requifite of 
\ 4 owder, ſo as to firike an Object at a gruen Diftance ; 
the Elevation remaining the ſame. | ; 


| SoLUTION. 


As the given amplitude, is to the propoſed diſtance, 


ſo is 'the given weight, or quantity of powder, to the 
quantity ſought, nearly. * 


Ex. Suppoſe the requiſite of powder to throw a 
ſhot 4000 feet, at 45 elevation, to be 16lb. What 
quantity is neceſſary, to ftrike an object at the diſtance 
of 5000 feet. 8 


Here it will be, as 4000: 5000 :: 16: 20lb. the 
quantity ſought. AGES | 


oh ak. 


* In this ſolution, the velocity communicated to the ball, is 
ſuppoſed to be in the ſubduplicate ratio of the quantity of 
| powder ; which is not fricty true, eſpecially in large charges; 
fince a confiderable part of the powder, in ſuch caſes, is b 
out, unfired: there are, beffdes, other reaſons to be aſſigned, 


why, the velocity cannot be exactly in the proportion above 


R | 
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PROBLEM VI. 


De Diſtance of the Object, and the Elevation of the Piece, . 


being given; to determine the Time of the Flight. 
| | SOLUTION. | 


As the radius is to the tangent of the elevation, ſo is 


the given diſtance of the object, in feet, to the ſquare 


of four times the number of /zconds, required (vid. p. 184 
and 187.) _ „ | 


7 


Ex. Let the elevation be 32, and the diſtarice of 


the object 5280 feet. | 


Then, radius R 10. 0000 
tang- 32% «| «+. gf 79g 
diſt, 5280 o | .- 1 Zo 7226 k 

2 | 113. 5184 
* 44 - „„ TOO TON 


3 57 - . a 
2 of which, 80 36, is the time required. 


But, when the elevation is 45 degrees (which is 
commonly the cafe, in throwing bombs, &c.) then 
5 of the ſquare root of the diſtance, in feet, will give 
the' number of ſeconds taken up in the flight. The 


knowing of which will be of uſe in adjuſting the fuſe. 


: Of Projections, when the Object fired at, is 


above, or below, the Level of. the Piece. 
hi PROBLEM VII 
The horizontal Diſtance, and the Angle of Elevation, or 


Diuopreſſion of an Object, being given, with the Ele- 


vation of the Piece; to find the Impetus, ſo as to hit 

_ the Ore 5 Ro, 2 LETS. 
: SOLUTION. 

As the reQtangle of the ſine of the elevation of the 


piece above the object, and the co-fine of its ele- 
* : ; vation 


lde Morton of Pao JzeriRs. 295 


vation above the wee is to- the reQtangle under 
the radius and the co-ſine of the object's elevation, 
or depreſſion; ſo is 4 of the given horizontal diſtance 
of the object, to the impetus required (by Prop 3. 
Corel. 2.) | 


Ex. Let the borizontal diſtance of the object be 
5600 feet, and its elevation 8? r5/; and let the en 
tion of the piece be 32 30“: then | 

24% 1 55 co- ar. of its ſine en 0. 3865. ä 

32? 30“, co-ar. of its eo-ſ. . o. 740 
' radius b fs (ME eee 
8 15 its co-fine - . „ 0. 


to be It. 


1400 f. . . „ber 222148 : 
4000 f. the imp. req. * 23. bozr 


PROBLEM VIII. 


The horizontal Dj iftance, aud the Augle of Elevation, or 
Depreſſion of an Object, being given, together. with 
the Impetus; to find the Elevation of the Piece, to hit 

yo. 7 18 n „ 


SOLUTION. 


As the radius is to, the tangent of the objects 8 5 
vation, or depreſſion, ſo is twice the impetus to a 
fourth number ; which add to, or ſubtract from, the 
given horizontal diſtance, according as the object is 
elevated, or depreſſed : then ſay, | 

As twice the impetus is to the ſum, or remainder, 
ſo is the co-fine of the given elevation, or depreſſion, 
to the co-ſine of an angle; which added to, and ſub- 
tracted from, the angle included between the object 
and the zenith (or vertical point), gives the double of 
the complements of two different elevations, wherehy 
the ball may hit the object (ſee Prop. 3.) 


Ex. Let the horizontal diſtance of the object be 
5600 feet, and its elevation 8* 1 5%; and let the given 
unpetul be 4000 f. 3 

Then, 
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| Then, as radius 0 8 . - 10. ©0008 
%» 9. 1613 


ZAV : g03r 
WW 1160 . 0 w- . | 1 3. 0644 
This added to 5600 gives 6760. „ 
o "ho gogr 
566 . 82 
ſo is co-ſ. 8 15 5 3 
to the co-ſ. 33. 18 9. 9223 
Which, added to, and ſubtracted from 81 45, gives 
115 oo, and 48 300, reſpectively: the halves of 
which are 57 305 and 24% 15“ whoſe comple- 
ments $2 30, and 65* 45, are the two elevations 
required. | | | 


PROBLEM IX. 


De Impetus, and the Angle of Elevation, being given; to 
find at what Diſtance the Piece ought to be planted, 
zo hit an Object, whoſe Diſtance above, or below, the 
Level of the Piece, is alſo given. 


SOLUTION. 


As the radius, is to the fine of twice the given. 
elevation, fo is the impetus, to half the horizontal 
amplitude, at that elevation (by Prop. 1.) | 
And, as the radius, is to the co-tangent of the 
elevation, ſo is twice the perpendicular height, or 
depreſſion, of the object, to a fourth-proportional ; 
which take from, or add to, half the horizontal ampli- 
tude, according as the object is elevated, or depreſſed; 
then find a mean proportion between the half-amplitude, 
and the ſum, or remainder ; which, added to the ſaid 
half-amplitude, gives the diſtance ſought [by Prop. 2.) 


Ex. Let the impetus be 3000 feet, the elevation 
40˙, and the height of the object 200 feet. 2 
Ng 0 en, ; 


5 5 0 
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| Then, as radius . . 10. ©000 - 
to line , $0? - . 0 9. 9933 
Si e 33 . $© 4971 


to . 2944. 113. 4704 


And, as radius 0 „„ 0. Oo 


is to co-t. 00 „„ 10. 7" 
DN %%% ½ 2 6085 
Ws 477 829 * 4 112. 6783 


Now, the difference between the two numbers above 
found is 2477; whoſe log. being added to that of 
2954, and the ſum divided by 2, the quotient will 
be the log. of 2705, the required mean proportional; 
whence the diſtance ſought comes out 5659 feet. 


III. Of Projectious on Planes, inclined 10 that of © 


the "Horizon, | 
PROBLEM X. | 
The | Inclination of the Plane, and the F levation and 
Impetus of the Piece, being known; to find the Am- 
plitude of the Projection. 13 


SOLUTION. „„ 


As the ſquare of the co-ſine of the plane's ineli- 


nation to the horizon, is to. the reftang'e of the fine, 
of the elevation above the plane and the co-ſine of. 


the elevation above the horizon, ſo is 4 times the 


impetus, to the amplitude of the projection (by Preps, 
Ex. 1. Let the impetus be 4000 fect, the elevation 


32 30}, and the aſcent of the plane 89 15“. Then 


Ship 


the elevation above the plane will be 24 1553 and the 
operation as follows. „ 


* n — 5 7 5 - 3 — 2 2 3 * — * _—_ 4 — — mp $ — * — - — - 3 — 
IGM” 2 2 ——-— 111 — XEL EC SLE LEI Sx"; ow 2 _ 4 1 e S. — 

—— — —— — — - — 4p" — — =" —. 2 — — dg —— — — — Þ = — — — — — — = 
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A co- arith. of its co-ſ. 9. 0045 4 Y 

rhe fame repeated . . . o. 0045 [|S 

24 15 o 9. 6135 $8 
> 30. its co-ſ, . . . 9. 9200 £ 

16000 f. its log: . 1 4. 2041 2 


5658 feet the amp. reg. 43. 7526 


Ex. 2. Let the elevation and impetus be the ſame 
as in the laſt example; ; but let the plane in this caſe 
have a deſcent of 8* 15” (inſtead of an equal aſcent. £ 


Then the operation will ſtand thus, 


8* 25, co-ar. of its co- z. ©, 0045 

| e ſame repeated . cd. 6045 
40 45', its fine . 9. 8147 
2 20%, its co-ſine 9. 9260 
16000 f. its log. 4. 2041 


0 
2 0 


to be added 


8992 f. amp. reg. 443. 9538 


PROBLEM XI. 


The "IB of the Plane, th: Elevation of theePiece . 
and the Amplitude of the Prajeciion, being given; fo 
Find the Impetus. 


SOLUTION. 


As the rectangle of the ſine of the elevation above 
the plane and the co-fine_of the elevation above the 
horizon, is to the fquare of the co-ſine of the plane's 


Inclination, ſo is the given amplitude, to 4 times the 


required impetus (by Prop. 3. Cor. 3.) 


Ex. Suppoſe the plane to have an aſcent of 8* 1 8. 
and that the amplitude thereon, at an elevation of 
32 30, is $658 feet. Then, the eleyation above the 
plane _ 24* I5, we ſhall * 


24 | 


- ame 
$658 f. its log. . 5 5 


, 
\ 
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24 15 co-ar. of its fine . o. 3265 
32 30 co-ar. of its co- :-. ©. 0740 
815 its co.. 9. 9955 

„ 

3. 7526 
» 244. 2041 


to be added 


16 ́,“ -, , 


4 of which, or 4000 feet, is. the impetus req. ü 


PROBLEM XII. 
Me Inclination of the Plane, the Impetus, and the Ampli- 
rude being given, to determine. the Elevation. 
- ; . 
As the radius is to the co-ſine of the plane's incli- 
nation, ſo is the given diſtance, on the plane, to the 


horizontal diftance correſponding : from which, the 
impetus, and the plane's (or object's) elevation or 


depreſſion, the elevation of the piece may be found, 


by Prob. 8. | 
Ex. Let the plane have an aſcent of 8* 15, and let 
the given amplitude thereon be 5658 feet, | ſuppoſing 
the impetus to be 4000 feet. 5 en 

Then, as the radius . 10. 0000 

is to the co-ſine of 89 15 9955 

fois 5658 feet 4 . 5 — 7520 
to . 5600 feet . 113. 7487 


the horizontal diſtance of the place where the ball 


impinges : as for the reſt of the operation, it is exactl 
the ſame as in the example to Prob. 8; for whi 


reaſon it will be needleſs to repeat it here. 
E e PROBLEM 
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PROBLEM XIII. 


Hevin the Angle of Elevation, or Depreſſion 0 the Objeft 
7 4 C a > Anh of the 


together with the Elevation, and t 
Piece; to determine the Time of the Flight. 


SOLUTION. 


As the co-ſine of the elevation, or depreſſion of the 
object, is to the fine of the elevation of the piece 
above the object, fo is half the ſquare root of the 
number of feet in the impetus given, to the required 


number of ſeconds in the flight. 7 


Ex. Suppoſe the elevation of the object to be 8? 3o'; 
that of the piece 456; and the impetus 3600 feet. 
Then, the ſquare root of 3600 being 50, we have 
As the co-ſine 8? 3o' . co-ar. o. 0048 
we the fine 36” $0” . * . 40-2944 
fo is 30 4 6 53 
to 18,04 ſeconds reg. . . 1|1. 2563 


IV. Of the MaxiMa and Minima, in the 


Motion of Projettiles. 


PROBLEM XIV. 

The greateſt horizontal Amplitude being given, to find the 
greateſt Amplitude on a Plane whoſe Inclination to the 
Horizon is alſo given. | 

SOLUTION. 
Take half the angle included between the plane and 


the zenith; the complement of which is the required 
elevation (by Prop. 3. Cor. 6.) Then ſay, as the tan- | 
gent of the ſaid elevation, is to the tangent of the 
| plane's inclination, fo is the given amplitude, to the 


difference between it and the amplitude fought {by 
Prop. 3. Corol. 7.) | 


Ex. 


#3 #5 
SS. = 
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Ex. Let the greateſt horizontal range be 8000 feet, 


and the inclination of the plane 12* 30, deſcending. 


Here the angle included between the plane and the 


zenith, or vertical point, being 102® 30, the half 
thereof will be 51 15, and the elevation 38 45. 


Theref. as tang. 38* 45 _ 9045 


is to tang. . 129 30 .. 0% 3457 
ſois .'. 9000 f. >. '-- + nar 


do 1 . 3. 3443 


Which, added to 8000 (becauſe the plane deſcends) 
gives 102 10 feet, for the true anſwer in this caſe. 


PROBLEM XV. 


The greateſt Amplitude, on an inclined Plane, being given, 
to find the greateſt Amplitude, an the Plane of the Horizon. 


SOLUTION. 


As the radius, is to the fine of the plane's inclination, 


ſo is the given amplitude, to the difference between it 


and the required amplitude (by Prop. 3. Corel. 8.) 
Ex. Let the inclination of the plane be 12 3o', 
deſcending, and the given amplitude 10210 feet. 
Then, as radius . 10. 0000 
is to S. 12? 30 . . 9. 3353 
ſo is „ 10210 © . 4 0090 
to 4% ñP:fY © . . Zo 3443 


Which taken from 10210, gives 8000 feet, for the true 


diftance ſought. | 


Res PROBLEM 
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PROBLEM XVI. 


The Impetus, and the perpendicular Height, or Depreſſion, 
; 55 an Object] being given, to find the greateſt horizontal 
 Diflance at which the Ball can, poſſibly, hit the Object, 
and alſo the Elevation anſwering thereto, 


- SOLUTION. 


Take the difference of the two given quantities, if 
the object be elevated; but otherwiſe, their ſum ; 
then find a mean proportional between the Impetus and 
ſaid difference, or ſum; the double of which will be 
the diſtance ſought [by Prop. 3. Cor. 9.) | 
For the elevation, it will be, as the diſtance thus 
found is to the height, or depreſſion of the object, ſo 
is the radius to the tangent of an angle; which added 
to, or ſubtracted from, go degrees, reſpectively, gives 
the double of the required elevation (by Prep. 3. 


- 9.) 


Ex. Let the impetus be 4000 feet, and the depreſ- 
ſion of the object, below the level of the piece, 2210 
feet. | 
Here we are to take a mean propoportional between 
4000 and 6210; which is = 1/ 4000 x 6210 = 4984 ; 
whoſe double 9968 it the required diſtance. 

Moreover, we have, as 9968 3. 9986 

PP 2000 < + Say * 
bo midi. -» 30.0000 


— „7 
whence the elevation appears to be 380 Ay | 

From this problem, the greateſt amplitude of a ball, 
projected from a given height above the level of the 


horizon, is given. 


© PROBLEM 
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PROBLEM XVII. 


Hoving' the: horizontal Diſtance of the 04jc8, topetber 

 -with its perpendicular Height, 4 Depreſſion, — or 

- below the Level of the Piece, to determine the Im- 
potus, poſſible, whereby the Ball may reach the ea? 3 
and alſo the Elevation correſponding. 


wig” — 


Solur ion. 


As the laben diſtance of the object is to its 


perpendicular height or depreſſion, ſo is the radius to 
the tangent of an angle; which added to, or ſubtracted 
from 90 degrees, gives the double of the elevation 


Prop. 3. Cor. 6.) 
And, as the radius is to the tangent of the ele- 


vation, ſo is the given horizontal diſtance, to twice 
the impetus required (by Prop. 3. Corol. II.) 


Ex. Let the horizontal diſtance be 9968 feet, and 
the diſtance of the object below the level of the piece 
2210 feet. 

Then, as , 9968 8 8 


is to. 2210 „ 3. 3443 
ſo is rad. 8 © IO. 0000 


to tang. 12* go/ : . 9. 3457 


Therefore the elevation is * 45˙ and it will be 
As radius 10. 0000 

is to tang. 38 Py . 

ſo is. 9968 5 3. 9986 
o Boe #5 » _ -- goar 


The half of which, or 4000 feet, is the impetus ſought. 
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| * PROBLEM - XVIII. _ 
To find the greateſt Height a Ball can bly, reach in 
a Perpendicular to the Horizon; the es: and the 
Diſtance of the Piece from the ſaid Perpendicular, 
being given. | RN AL 
SOLUTION. 


Find a third proportional to the impetus and half 
the given diſtance, which ſubtract from the impetus, 


and the remainder will be the anſwer (by Prop. 3. 


Corel. 10.) 


Thus, if the impetus be 4000 f. and the given diſtance 


6000 feet, then it will be, as, 4000: 3000: : 3000 
2 2250; which taken from 4000, leaves 1750 feet, 
for the greateſt height the ball can poſſibly reach in 
the propoſed perpendicular, with that impetus. 
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EXHIBITING 


A new, and very comprehenſive Method for ex- 
tracting the Roots of Equations in Numbers ; 
by increafing the Dimenſions of the unknown 
Quantity. Ws ho Fe, 


7 


verging ſeries) the value ſought is, firſt of all, to 
be nearly eſtimated (either from the equation itſelf, 
or from the nature of the problem whence it is derived); 
and ſome unknown quantity (as z) muſt be aſſumed to 
expreſs the difference between that value (which we 
will denote by r) and the true value required: and 
then, by ſubſtituting r+2 inſtead of its equal, in the 
given equation, a new equation will emerge, affected 
— with z and known quantities. | 
he equation being thus prepared for a ſolution, 
multiply it into two, or more ſucceeding terms of the 
ſeries 1+Az+B2*+Cz3 +Dz* c. (according to the 
degree of exactneſs neceſſary) and let the coefficients 
of the homvlogous terms of the new equation hence 
ariſing, wherein the ſquare, and the next, higher 
powers of & are concerned, be made equal to nothing: 
by which means the value of A, Sc. will be deter- 
mined, and as many terms of the equation deſtroyed, 
at the ſame time, as there are terms in the aſſumed 
multiplicator minus one. And the terms involving the 
ſuperior powers, which yet remain, being of very {mall 
value, may alſo be rejected: whence the equation will 
be reduced to a ſimple one: from which the value of 
z will be found. 7 | 
Let 


In this method (as in the common method | 
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Ex. 1. Let the equation propounded be * 50. 


Here, » being ſomething greater than 7, put 742 
=x; then the given equation will become 49 T 142 
or, =x+14z+2*=0, - This, multiplied 

by 1+Az+Bz?, 


—1+14z+w  *® % 
gives 4 * — Az +14A2* + Az? 10 155 
„ „ 1482 + B24 


Wnence, by equating the coefficents of the like terms, 
we have 1+14A—B=o, and AT 14 Bo. 
From which equations A is found = 2 and B | 
* 355 
. 3 
and, by ſubſtituting theſe values above, 
we have — 1+ 14 + + xz+ = =o. 
5 „ LE 
Which, by rejecting the exceeding ſmall quantity IT , 


becomes =1+14+—=XS=0. | 

Hence —197+2772z=0; 
and z = —— = -0710678, nearly: which value is 
true to the laſt decimal place: and, if more terms of 
the ſeries 1+Az+Bz2*+Cz3 &&c. had been taken, the 
concluſion would have been ſtill exacter in proportion. 


Ex. 2. Suppoſe the given equation (when prepared for 
a ſolution) to be - 2152 2 . 


Here, if four terms of the general ſeries 1+Az+ 
Bz*+Cz? Sc. be taken, and multiplied by —2+5z 
—2z3, our equation will be changed into the following 
One, 1 | bw, 
vix. 


bo, 
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3 aA AA 05 "ON 7 5 | 
vix. 7 + : y + SAz*+ 5Bz3 + 5Cz . S0. 
| — 23 — Ax &c. . 


Where, by comparing the as n we have 
2B = 5A, 20 5B 1, and 5C=A, 


Hence, 2585 (=10C) =2A; but, * the firſt 


of theſe equations; N. therefore hs — 


TE 
2A, and conſequently Ar Aer 


Let this value be now wrote inſtead of A; by which 
means our laſt equation for the value of * (neglecting 


the terms Bz Cx) is reduced to 2 ee 


va 121 
X TO. | 


Whence z comes out 3 nearly. 
Let there be now given the general equation. 
P +az+bz2*+c23 +d2* c. So. 
An by (1+Az) the two * terms 
„only, 
—þp + az Þ+ 5 Se. 3 
. 0 * p AN TAAZ T c. = 


Here, by making bþ+aA=0o, A is found =. 
a 


7 


and our equation becomes —p+a+D * K O:. 
. | 


h : ts _ -- 
whence Z is w—_ 71 _— . ] 


The value of 2, here determined, taking in two 
terms of the given ſeries, az +bz*+c2? Ge. I call an 
approximation of the ſecond degree (as the common 
method of converging ſeries, which takes in the firſt 
EL term 


2 


—p+taz+b2*+c23 c. o 
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term TY m 15 by the ſame rule, be called an ap- 
proximation of the firſt degree.) 

But to obtain an approximation of the third degree, 
or ſuch an one as ſhall include three terms of the 
original ſeries, let the given equation, 

* now multiplied by 
three terms of the aſſumed ſeries 1+Ax+Bz? &c 
whence there ariſes this 
ſpan + bar + ca We.) © 
Pius += 2 —Apz+Aaz* + Abz? G. = 
* *.—PBpz*+ Baz3 &c. 


Where, by equating the homologous terms, we have 
b+Aa=Bp=0, and c+Ab+Ba=o. 


Let the former of theſe equations be multiplied by a, 
and the latter by p; and then add the two products 
together; ſo mall | 
ab + Ad +pc + Ap = o; and conſequently A= = = 


Ae. Whence 2 2 2 21 is likewife given. 


aa + bp 


To have an approxiciation of the fourth de ree, 
four terms of the ſeries x + Az + Bz* c. muſt be 
taken, for a multiplicator: by which means the equation 
given will be 

1 az + by* + ca + deb. Wc. 

1 +Acz*. &c. A 

* — Bpz* + Baz3 +Bbz*. Sc. ( 
| * * —Cpz3+Cazt. Sc.) 
Here we have 


trans- 
formed to 


1 
= — 


. | 
from _— exterminating C, there ariſes 


Ba Be... 
A 


5 or 


Ft 


F Ya” #3 £3 MES IS. þ ! N. \ 0 : 
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or LET B+—+<xA pes | 


7 
Which, by ful train the value of B, 
Aa TT: 
becomes < a Ye eee eG EASE £4 ; 
7 + * 7 P 7 * 7 v3 


that is A — "A 5 599 
pe f — ts 


Multiply the whole by ap-; then will a) Faalp bop 
x A+@b+&p+hacp+dp* =o ; | 
_ aab+ac+bb. x þ+dpp _ 
I Falp + opp 

2 | 

= as in the _ ing caſe, 


whence A is found = 


and z = 
Pg 


By the ſame * an approximation of any | 
higher degree, to take in as many terms of the pro- 
poſed ſeries as you pleaſe, may be derived. 


For, it is e from above, n in all wt 
whatever, 


5 
5 'B will be 
„ 

C22 4 — 5 
„ 


E. . 2 +— +þ— 
Pp v 5 5 3 
Sc. c. 


where the laſt value is, always, equal to nothing. 


F f 2 Therefore 
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0425 : 
« 5 AR. 1 =, : pre : 
1 8 NN 0.25 oF 
lan. » +1 
„„ — 45 
ä 
n * 12 84K Real- 
8 rack "a 
"ES b „ 
> Ec, 7 of. = 
TY | 
2 4 = aqt ec | 
OX PERS: 
- r 
5 S = ; 
>: ff 44 = &5+hr+<qte f 1 
1 8 i 
. 
- Se. ; 2 28 £ 1 


the value of 4 will be A by dletüinz the laft 
of theſe quantities g, 1, 5, t, &c. b the correſponding 
uantity of the upper ſeries Q, N. vi and 1 
ſign of the quotient. : Yi 


| Whence we . ES wt 
— XK e 


= „Ge. 


or, — . "5, 3 0. for ſo many ade 


a Fr $ 
7 4 „ 


| values of x; whereof each is more exact hah the 
precedin 5 one. 


M 8 £ 4 Th © ſe 


FEDFS - 


2; Theſe; equations are . derived from thoſe above, 
expreſſing the the relation of the quantities A, n (of 


; Sc. 


For, by iti Qand 9, inſtead of their 33 in 
the firſt of thoſe Ee” 0 it becomes 


Which value of B, wrote in the 24 ans. 
e EY 
C = ee =RA+r; by bene R 


and r in the room of their equals. 
Moreover the third equation, by ne C 


and B, becomes D= 2 e les 2 44 = 
| .'Þ 7 Is 1 or” "I 
A SA 3 3 


After the very ſame manner E = TA +1, F 
VA+v, &c. And, by putting all theſe. nw, values, 


ſucceſſively, equal to nothing, we have _ 5 


| =D Sc. for ſo many different approximations of 
the value A. Which being ſubſtituted in the general 
equation — the very expreſſions before given, 
for the value of 4 are obtained. 


It will be proper, now, to e the uſe of the . 
ſeveral approximations, or e ren * | 
by; a few examples, | . 


, : — 
8 | In 
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In the firſt place, then, let che equation” Os; be 


„* 210. 1. 7 


This equation, by making 2+2=#, will be trans- 
. formed to —2+12z+62*+2*=0: ' which Dog com- 
pared with the general equation hs 1 

E PDTaZ TZ Tc dE! c. o 
we have p, a=12, b=b, c, d=0, Wc, 


| Therefore (by the firſt of the three approximations, 
at p. 217) A (==) is found 9 N 


— (= 70 comes ont 1 = n 
nearly. ig 3 ara; meer e 

| But, according to the ſecond approximation, or 
theorem, the value of = A ( =) will be = 
t 
1447112 78 


8 
D 805 | 15445. 
Laſtly, the value of —A, according to the third 
_ a} + ac + b} xp + _ 
| 4 + 2abp + pp . 
3 144 x 6 + 96 | 36 >x6+24 _ 48 5 
144 X 12 T 144 X2 +4 © 30 K 14+1 10 
correſponding value of z will therefore come out = 


32% =0.1 54434: which number is true in all' its 


and conſequently that of 2 ( = 


approximation being = 


| The very ſame concluſions will likewiſe be brought 
out from the general ſolution. | 


For, 


or, i here kk, 41 $26, , 
SO, &c. {as before.) 


1 ee 55 +4" ie 
1 4. > | 
r « 115 0 it rl * 3 F 4 
Ag E e Rok 
4 2. a. kp = $5 2 8 4 kw 4 N. - # \ a > 
x ; e 3 - g : * 
3 ates — — _ 2 p 2 
Alſo, 3 (5) =s A \ I 


) 3 | "1 C3 wy ARE 


(Aud) an =”. 80 

8 3 
"Therefore £ — — KEEP 2 =; =; andcon- 
l — 2.41 === Sc. a before. 


For a ſecond example, ſuppoſe” r0% = 23 = = 2, or 
x 7 — + IOZ —23 = Os 


In this caſe. þ=2, a=10, b=0, c f, do: Dr. 
And therefore, for an approximation of the fourth 


degree, we have — A . 


45 + 2abp cyp 


—20 
200974 


22 —=0. 2008045 ; which yalue is true to the laſt 
— 


For 


= — = and conſequently z (= 727 =) 
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| For a third example, let there be given' the 3 
„36 32 a2. a 


Here the value of x appears to be about 4; let Nu 
fore 472 be wrote for x; rh our 1 8285 is 
reduced to . Fo 
wx 768z + 482% +28 S0. 

hich being compared with 
PTT Te +dz* Sec. =0, 
we have, in 1 this _ ä 


| a 


96 


95 96 
re . 
5 12 
„ : a 
Therefore 4 1 . 
5 Q 16 R 62 X48 n 48385 
453805 . 5 
From whence z= ———==—0. 12598, nearly; 
1 
or, x 8 1259894, more n. 
6 
or, == CZ ROW 1259894802, fill nearer; 


Laſt] Fo 


" Lay; let 11 be given che equation ? 
- of off 4 | 
2 243e4 283 838 
Then, rin z=a*, Ec. we have 

23 


1 T2 L = Ge. O. 
12 * % 14 * 30 56+ | 


2 Ur 


I I 
Here Pear a= b == —, = =—_—, 4=- 
8 12 - AS XZ0: | 


— N 2 . ; . ' - » 
72 = Ns 
And, by. ſubſtituting theſe values in 12 third _ 


approximation (vid. p. 219), we have —A 
(> _ aab+ ac+bb x pþ+dpp 


 aaa+2abp cpp 
13 4 1 3 | OG 
2 12 X 30 2 12 12 * 30 * 56 


n 12 X 30- | 
30 * 26=26— 1404-3 - + 2 
10 x 30X 56+56 © 16856 


Ter 4 888 1.5966 
| erefore z = ( - pres _—— 11 
and x' (=Vz)-=1.04719. | 


After the ſame manner the roots of other onnetinad 
may be approximated : but I ſhall here ſhew, how the 
ral theorems themſelves may be rendered more 
commodious, for certain particular Toe by means of 
a proper transformation. 
lt is known, if two quantities be, reſpeQively, in- 
creaſed, or decreaſed by two other, ſmall, quantities, 
nearly in the ſame ratio with the two firſt, that 
the ſums, or differences will ſtill be in the ſame ratio | 


with the two firſt quantities, very near. 
Ge | hires | 
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 Whanebore, ſeeing the numerator of the fraction 
5 1 expreſſing the 2. general value of — A, Sages _ 
P. 21 95 J is in . to the denominator, nearly, as 
b to a, or q to ; let ꝙ be therefore taken from 


the numerator, and 2 from the denominator; ; agree- 


able to the above obſervation : by which means the 
fraction itſelf will be transformed to | — —= 


aatbp— 7 
: = 4 ; ſuppoſing r need” 
c "p & 
1 


And, in the very ſame manner the fraction 
eee expreſſing the third value of 


W 
. A, is changed to aal + ac + + 3b X E: 
| ES aaa T 2abp + pp — _ 
aab+ac + bb xy FEE l 
4 Fzalp + (by putting $=c =). 


But this laſt value is ſtill capable of a further re- 
duction : for, the ratio 2. the ee to the de- 


nominator being that of —— = to . 4; nearly (as 


appears from the preceding caſe) "fot, therefore, the 
former of cheſe quantities be ſubtracted from the 
numerator, and the latter from the denominator : 
whence the fraction itſelf becomes 


bsp 33 bs 


b +a +B xp ——— ,ab+c 2 
8 PR 1 . TE? 
a* + 2abp— 5 42 ＋26—-— * 
7 


4 
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2 x þ F 
7 r 
b <—ad | 
a a 


Then, in this caſe, p being =—96, a=768, 1 


6 c 1 : 
4B, c =, d=0, Ec. by: have r 3 1 
e = — 5 @ ar! 32 


Whence, according to the firſt approximation, 


EE | —— 
A (=) f Y gr" 1 


And, according to the ſecond, 7 
_A(=2+ tx _18x8+7FÞx=06 | 
Ta 768x7168+48+24 x —96 + 


8 1014: i 
. (by dividing every term by 48) 
3 
. 
Hence the value of z ( = : ) comes out = — 
8 5 . 
we 


1 ä 1144 
11 o, 1259894, nearly; or equal 1 96389 
 =—0. 1259894802, more nearly. FE, 


Theſe concluſions a with: thoſe before given, 
by the former method - But the laſt general ap- 
proximations, containing the feweſt dimenſions of 
the quantity p, will commonly be found to have 
the advantage, in point of expedition, when the 
value of that quantity conſiſts of ſeveral decimal 
— my Gg 2 _  placey, 
i | 
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places, and alſo when the coefficients a, 5, e, d, of 
the powers of the unknown quantity z, are related to 
each other according to ſome unknown law. | 

Of this kind are the coefficients of ſuch ſeries as 
ariſe in extracting the roots of pure powers ; and in 
_ theſe caſes the general theorems, or equations them 
_ ſelves, are capable of being rendered fill more com- 


modious. 


Let there be aſſumed the equation * == (which in- 
cludes all the caſes of pure, or ſimple powers, accòrd- 
ing to the value of the exponent ). | 


Then, by aſſuming r nearly equal to x, and making 
* 1+2=x, we _— have XI TU =k : 


and therefore — - +7 pn that is 


230 2 —2 N 
* 3 


* +—x 
We. =0; * — 9 
2 Lc. =0; by dividing the whole 5 u, ep putting 
| k—r 
. EM _— : 
Here (by a compariſon with the general equation 
2 —1 


—p+taz+b2* c. =0) we have a=1, rr, Cum 


— 4 .— n eb. 
2 3 2 3 


n — 1 2—2 21 


Therf. r (S=H=Z 88 6 Fl 
„ Fs ZOE RENE 


6 3 2 + "Ea 
w (DL =D EE, 
a arl© 5 


Whence, 


* 4 If 7 ae — + . 


ben; 112 ＋1 x if. | 
e + * 
= 1 T2 1K A5 25 : 
But, for an an approximation of the fourth urth degree, 
1A — greener mt, 


| and — 


aatb+aw xp | 1 +2 

and & „„ e ; 
2n—1 2 — 222 , 
hes nes + T* : 12 un 


Hence it is manifeſt that the root x, of the propoſed 
equation 4 , is 2 to 


14 Th XI+2=1 I X3þ , nearly ; 


A ERP | 3 | 
or, equal to, * 3 — 
I +7 

more nearly. 


But both theſe expreſſions, in caſes where b is a2 


proper fraction, will be better adapted to * by 
making — ( =—> and ſubſtituting — — = Ps its 
equal: whence ( aur proper reduction) 


, © GDA 
x=r+ * 59A . 
1 rr OE EOS — more 


25 v, x 20 f K i 
— N | 


* 


. 
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T o ſhew now the uſe and great exactneſs of theſe laſt 
approximations, by an example, let it be propoſed to 
extract the ſquare root of 441. Here the general 
equation x*= , becoming * = 44r, we have 1=2,_ 
E=44r, and v (=pS)===: ſuppoſing r to be 

aſſumed 20. NL 2 


Therefore, by the firſt approximation, N 
DR 4x 7 abr __ 67281 $5 

. . 
nearly. | | 


2758480 


2758481 e 


And, by the ſecond, x = 20 + 


chair more nearly. | ; 1 
Again, let there be given the equation x*=500 : 
ar NJ 3 612 


E— —12 


then, aſſuming = 8, we have v ( 
. = = 128, 5 | 


Hence, by the firſt approximation, 


I — 768+ 4 191 
airy of 16 —768+10 „ 3032 


= 7793700527, 


nearly. O 

| VVV 5 
5 And, by the ſecond, x 28 I 
6072 


* 937052599. more —y | 


All the different approximations . hitherto delivered 
were, originally, derived by multiplying the given 
equation into a certain number of terms of the ales | 

| ſeries 1 + Az ＋ Bz + C23 c. But there are other 
. methods (though, perbaps, none ſo general)' by which 
the ſecond, third, &c. dimenſions of the unknown 
quantity may, in like ſort, be deſtroyed (without aſ- 
Fo | | fuming 
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9 any ſeries) and from thence the value of chat 
quantity 9 to what of exactneſs 
you pleaſe, 


Let there, for e e be given the equation, | 
2 T 1, or 2 1-22. 25 


. 142 La, 


And if, inſtead of the: laſt term * its equal, 


4x 1-2, be ſubſtituted, you will have 2*=5—12z: 
this, ſquared, gives =* rn 1202+ 1442 = 169 — 
408z, by ſubſtituting for z*, as before. 


Then, by ſquaring doch ſides thereof, there ariſes 


Here, rejecting z* (on account of its ſmallneſs in 


compariſon of the other terms) we have 408z=169, 


and therefore 1 2 = O, 41421 3 nearly; which 


is true to the laſt figure, incluſive. But, if you would 
have the anſwer ſtill nearer the truth, let the above 
ee 2* = 169 — 4082 be, either, multiplied, 
again by itſelf, or into ſome one of the preceding 
ones. hus, if it be multiplied into e 
you will have | 

2'*=845=4068z+48962* = 5741—1 138602: 

wines * being rejected, ⁊ is found = = = 
0.41421 350, Sc. 


Again, ir there be given the equation 23=J2—pz 
_ by ſquaring both ſides thereof, we have 

* =gz*—0p2+p*: 
and therefore 2 = = gz* — 6p2* + D = — : 6px + 
FJ pp +27 Xx 2 9þ; by writing 27s = 9p inſtead of 
its equal gz?. 

Now, to the triple of this Jaſt nation, let the 2• 
equation, multiplied by 2p, be added: 


By 


.. 7 
— 9 * 
% * 
* « > — - — — — ——— —— — — — —— ——ü— —— — - = — — — — — — - _ — — _ — — — — — — — — — — 
— 8 - S 7r5 —— a > - 2 III — — ie — IE = 33 — ——————— —— — — — — i eb econ — — ICIS ISR 
ih * o =_ 5 2 2 — — = — — — 2 - S X — L — of — 7 = 
— — ͥͤ ääꝓ— —— — — — —— P P! en ⁵— NICE — 2 — — a — — — — 2 — MAILS — LS, = — IL — — Pn — — — * 
3 wm i 


— . 


232 The ResoiuTONn of Equations. 
By which means 2. will be. exterininated, and you | 
then will have 32 Tah I —opp K* 27 + 259 8 
| Whence hence (rejecting 3%? Tap“) the value of 2 is found 
| , nearly. : 


8 — 


9 XR 


Various other expedients might be uſed, to . 
nate the 24, 30, c. powers of the unknown quantity 3 5 
but what is FOE delivered * fuſes: 2 


3 


„ * 0 7 N 
1 * \ "0 0 8 
- X 2 £63 8 * o % « 4 ws J 
* 4 7 % 1 Nr; 2 7 7 * 
7 1 4 * N. * 2 * 253 4 Rag, 4A * A A 1 99 
= 4 KY t F a 7 
4 F 2 f, $ 


oi * A K * . 


eivine_ N 


* 
. 


> 7 
Some" "Ibias of the Nature of Frvux1ons 3 
together with the I woot nd LE the af | 
e . . fr: #, | | | 


Fi the Dodtine of Fluxions all kinds af magni- 
— are conſidered as generated by the con- 
tinual motion of ſome of their bounds or extremes; 
as a line by the motion of a point; a ſurface 
by the motion of a line; and a ſolid. by the motion 
of a ſurface. So likewiſe time may be conſidered 
as .repreſented by. a line, increaſing ugiformly by the 
motion of a point: and, as quantigfes of all kinds 
3 are capable of increaſe and decreaſe, they 
may be repreſented, in like manner, by lines, ſurfaces, 
or 2 conceived to be generated by motion. 

2. Every quantity thus generated is called a fluent, 
or flowing quantity : and the magnitude by which any 
Flowing quantit would be uniformly increaſed, in a given 
time, with the EO rating celerity at any. propoſe Po- 
fition, or inflant (was it from thence to continue in- 
variable). is. the Auuion of the Said 1 at that * 


e anten 


— 


— 


* . Authors 25 the generating celeri ar 9 not 
the magnitude it would 2 to 15 the 225 ion; but uſe 
"that magnitude ns the meaſure of the ſaid celerity. or e $ 
"_— 15 in fer, coming 1 b. Ow : 


— 


"3 
190 
5 
i 
j 
1 
$1 
j 


— 2 — 
— 
——⏑— ü P—ꝛU᷑. 


— 9 — No 
— — — — 


— 


. — . . ———— 
d — Z TS 2 — > 2 


* 


* 


— 
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3. Thus, let a point » be conceiyed to moye from. 


A, and thereby generate a rigbt-line Am, wi b a 
motion any how regulated; and ſuppoſe the celerity 


A | | YRS 9 1 87 | 
r , 0 
3 | tion R, to be 


' ſuch, as would, (was it to continue invariable from. that 
poſition) be ſufficient to deſcribe, or paſs uniformly over 
the 


diſtance Rr, in the given time allowed for” the 


fluxion ; then will the ſaid diſtance Rr truly expreſs 


the required fluxion of the flowing line Am, in that 


poſition. 


4. It appears from hence, that, when the generating 


motion is uniform, the fluxion, and the increment 
actually deſcribed in the given time, are one and the 
ſame thing: but, if the velocity continually? in- 
creaſes or decreaſes, the fluxion muſt then be either 
leſs, or greater than the ſaid increment, or the ſpace 


actually deſcribed : : ſince an increaſe. of the velocity 


muſt neceſſarily cauſe an increaſe in the diſtance gone 
over, and vice verſa. e EX 730 
2 2 2 57 ri „ x 291 . IF 


— 


Although, in forming a juſt and diflin conception F tube 
nature, and quantity of a fluxion, the confideration of time 
is, abſolutely, neceſſary (on which, even, our ideas of velocity 
depend), yet in ihe buſineſs and application of fluxions, it is 


not always requifite, that ſome, wulgar (or common) meaſure 


of time (as a ſecond, minute, hour, &c.) ſhould be propounded 
for the production of the fluxions of the quantities under con- 
fideration. A line generated by the uniform motion of a point, 
it is obJerwved above, _ be taken as a proper repreſentative, or 
meaſure of time: and that interval of time (be it what it 
will) wherein the line, ſo generated, is augmented by any 
length, or fluxion, aſſigned, may be taken as the time under- 
flood in the definition, allowed for the production of the 
Auxions of all other quantities that have any relation to, or 


dependence upon, the ſaid uniformly generated line. And theſe 
uxions: themſelves, by means of the ſaid relation and the 

given length, or fluxion, may be alſo truly exhibited, indepen- | 
dent of any particular, known meaſure of time; as wall 


hereafter, be fully made to appear. 


2 


8. een 


== 


nd. 


g. 0 4 0 


2 "a 
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> ho} It appears moreover, , from the above definition, 
hat quantities, which flow, or increaſe together, ſo a8 
to continue, always, in a conſtant ratio, have their 
_ To illuſtrate this by a particular example, ſuppoſe 
two lines, Am and Cy, to be ſo generated, by the uni- 


g 


form motion of two points m and u, that the latter of 
them ſhall be a/ways equal to the double of the former: 
then, taking R, 8 and 7, 5 as cotemporary poſitions 
of the ſaid generating points, CS will be the double 

of AR wet, Cs the double of Ar, by ſuppoſition ; 


whence Ss, the fluxion of CS, muſt of conſequence 
| be the double of Rr, the fluxion of AR. 5 


— 
| A — 4. 
. 
oF E 22 a | 
0 . 


It is equally plain, on the other hand, that if the 

ratio of the fluents Am, Cn is variable, that of the 
fluxions muſt alſo vary. Thus, if, while the point 
m continues to move uniformly, on, at the rate of 
one inch (foot, yard, c.) in a ſecond of time, 
the motion of the other Point x be ſo regulated that 
the number of inches (feet, yards, &c.) in the 
flowing line Cz generated thereby, may be always equal 
to the ſquare of the number of thoſe in Am. deſcrib- 
ed by the former point m; then, in this _ it is 
manifeſt, that the ratio of the fluents Am, Cu is a 
variable one; and that the ratio of the fluxions varies 
alſo; ſeeing the diſtances 1, 4, 9, 16, 257 Ser de- 
feribed in 1, 2, 3, 4, 5, Sc. ſeconds of time, by 
the point n, increaſe much faſter in proportion than 
1, 2 3, 4. 5; Ee, the correſponding diſtances"gonit | 
over by the other point zu moving uniforialy! - 


Hb. $f erto 


r 
b F * * 
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; . Hitherts rega has been hall 4% thi fibxibae: of 

| 1 5 but the fluxions of 'fupetfices and folids are 
conſidered in the fame manner, and are compre- 
5 We wirh equal 2 Let a n 
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5 bo 8 to move Og to lei, with an 3 
motion, from the poſition AB, and thereby generate 
the flowing rectangle AmnB; let alſo the diſtance 
Ry be taken {as above). to expreſs the fluxien of the 
baſe Am, and let the rectangle Ry5S be completed: 


- then, this rectangle being the ſpace that is uniformly 


deſcribed by the generating Line nn, in the time that 
Am is in like manner increafed by Rr; it will therefore 
be. the true fluxion of the flowing reQangle Az, by 
the definition. Art. 2 

| 7. The generation, and the fluxion of tri- 
angular, or curvilineal, 1 A 8 R, are e in 
| manner; by ſu 
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in; From. what! has been thus far delivered, it will not 


boy difficult to form a juſt idea of the fluxion' of a ſolid: 
yhnt it is time we now come to:ſhew the manner of de- 
.  termining the fluxions of algebraic quantities; by 
means whereof all others, of what' kind ſocver, are 


explicable: in order to which it will be == gn =o of 
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thus, the variable baſe 1. of the — e 
 AmnB (in Art. 6.) may be . 


4 invariable altitude mn, by a. 
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a dot, or full- point, over it: Fab the fluxion of * 


is ; denote by &; and the fluxion of y by 3. 


3. That, the fluxions of all' quantities (having i any 
relation to each other) are * to be taken; as con- 
L or ſuch as generated . hens 
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Let tw points and u be 3 to move, ar — 
ſame time, from two other, fixed, points A and 1 
along the right-lines AB and CD, in ſuch a 
that the meafure of the diſtance Cn, deſcribed by lby the. 
fatter, may be, always, equal to the ſquare of the .co- 
temporary Niitance Am deſcribed by the fortzer point. 
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Moreover, let R and S be any two — 
poſitions of the ſaid points; and, ſuppoſing the de- 
ſcribed diftances AR and CS to be denoted by x and y, 
let the lines + and y be taken to repreſent the ſpaces that 
would be uniformly paſſed over, in the ſame given tive, 


with the celerities of the ſaid points at R and 5: 


ſhall thoſe lines expreſs the fluxions of the 3 
quantities Am and Cn, when the generating points * 
and » arrive at the forefaid cotemporary ee R * 8 
S (by the definition, Art. 2). 
urthermore, if r and s be conſidered as any this; 
correſponding places of the propoſed points, and the 
interval R be denoted by v; then, AR being =; \ 
ny. Ar == v, we ſhall have CS (=y) =, and 
8 — —* 2 3 and e Ss (= 8 
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n moves, uniformly, over the diſtance 2, the other 
point * paſſeth over a ſpace 5 by axu- v 
her this lat diftance, nee the yelocty of the gene- | 
rating point x increaſes continually (/ze. Ry) is leſs 
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ce: that y Ly. deſcribed, tin 
that which would be deſcribed with the velocity at 
and, therefore, is equal to, and may. be taken to ex-. 
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x he ſpace: that would be uniformly. 


prefa, the ſpace which night be uniformly gone over: 
dy the celerity at ſome intermediate point e, between: 


s and'S, in the fame tim. 
Therefore, ſeeing the diſtance (2xv—2v) that mig! 


be deſcribed with the celerity at the ſaid intermediate 


point e, is to the diſtance /v) deſcribed by m, in the 


other point n, with its velocity at e, would deęſeribe 
as the velocities of the ſaid 


Tus above method of invefligation hath been regriſented,' 4 
| bearing @ near affinity to the method of Prime Ultimate 
Ratios: againff, which ſo many objjections baue been flarted, By 


fame time, as 2x=v to unity, it is evident that the 
ſaid (mean) celerity at e, muſt be to the celerity of #, 
in the ſame ratio; and conſequently, that, in the time 
the point m would move over the given diſtance #, the 


the diſtance ax — ##.:.. ſince. the ſpaces In 
equal times, by uniform motions are known to be 
motions, ..- 3 817 
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- This-being determined, let be no ſuppoſed el, 
of the generating points at R and 8; then e, being 
always: between 3 and 8, will likewiſe coincide with 8 
and the foreſaid diſtance 2x43, that might be uni- 
formly defcribed with the velocity at e (now at 8) will 105 
become, barely, 24; which (by Ari. a) is equal to 0 
the fluxion of Ca or *. From whence it appears, 
that the fluxion of the ſ. uare of any variable, or 
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flowing quantity is found by multiplying twice the © 


root, or quantity itſelf, into its fluxion. 
10. Let the diſtance Ar be denoted by &, and let 
other things remain as before: then, CS being 
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xx, and Cs=uu, by ſuppoſition, the diſtance 38, deſ- 

eribed in the ſame time with R (=x—u) will there- 


fore be truly expreſſed by ar -u, or. its equal æ& s 


RX =. | Which diſtance, 48 the velocity of „ con- 5 


tinually increaſes, muſt be greater than that which 
would be uniformly deſcribed, with the celerity at , 
in the ſame time. Whence it is evident, that the 
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thoſe objeclions have nothing at all to do iniib our Method of. 


in the buſineſs of ultimate ratios, confiffs, it is neun, 


in confidering the values of the quantities compared, in bei, 
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„ (or the diſtance” that might be uniformly deſcribed ' 
i ns e eee 


Whieh quantity being, itſelf, leſs than 2xx + (becauſe 

* is leſs than ) the celerity at s muſt 1 be 

leſs than 24, take the point s where you wil 
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of the two points, on the'other fide of R and 8, and let 
Ar be denoted by w:; ſo ſhall the diſtance Ss', deſ- 
cribed in the ſame time with R. (w—zx), be truly ex- 
preſſed by u.]ꝗ - xv, or its equal wN W- ( 


H por 


4 bi 1 cribing 
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for, if we look upon thim «as real magnitude, it it objrctea, 
| that their ratio will not firiflly agree with the ultimate 


ratio afigned : and ih on the otber hand, they be taken as 


mere notbings, we then loſe the very idea propurtion. But 
aveſtigation, as is already 'obſerved, it net: emb 
Ds, indeed, leſs and leſi, continua ev. ? 
Shel 'gener, ating point n arrives at &; yet the velocity of 
that point, which is the quantity in queſtion, neither vaniſhes, 


with any ſuch difficulty: for, 1 7 the diflance S's 
a hy, and een varies 


es a new law; but fill continues to increaſe in the 


nor 
Jame manner as before. It may, poſſibly, be objected, that, as 
the meaſure of the ſaid velocity is, originally, derived by 
means of the diflance nS, we cannot retain a clear idea 
of it, when that diſtance is vaniſhed out of the equation, 
But, with egual reaſon; it might be urged, that, we can have 
no juſt conception of the dimenfions and true 4 N of a 
building,. 22 the, ſtaſſolding by means of which it was 
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3 8 n contiouaity: 8 muſt, fre I, 
be leſs than that which would uniform! ariſe from the 
celerity at s, in the ſame time. Whence it is alſo 


plain that the ſaid velocity at 4, is to che uniform 
velocity of m, in a greater ratio than that of x X 


w—x to WE x, « x or of 10 , to * But the an- 
tity o KNA is, itſelf, reater than ar *, e al 
is greater than x; and ſo the meaſure of the, faid Ve- 
locity at / muſt conſequently be greater than 26. 


Therefore, ſince. the velocity increaſes continually, 
from C to D; and ſecing the meaſure thereof, be- 
fore the arrival of the generating point at 8, is every 
where leſs, and afterwards. every where greater, IR 

2x3;-it is manifeſt, that, at 8, it can be neither leſſer 
nor greater, but muſt have, or- paſs, throughs, E very 
value, or degree, expreſſed by 24. Q. E. I. 


If the line Am (x) be ſuppoſed to be generated with 
an accelerated, or a retarded motion, inſtead of an 
- uniform one, it will readily appear, from the firſt of 
the foregoizg methods, . that- 2. app required fluxion f 
0 ſuppoſing & to denote the meaſure of the y 
at R, will, ill, be expounded by 22·r/½ ... 
For the ſpaces rR (v) and « — deſcribed 
in the ſame time, being to each other, in the ratio of 
* to 2x+—ws, the mean celerities of the generating 
motions, at certain intermediate points between the 
extreme ones , R, and , 8, muſt be likewiſe, in 
that ratio: which ratio, when v becomes So, and 
the F Wees will become that 10 4 to K. 
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required fluxion of xy. Hence it is apparent that the 
fluxion of the product, or rectangle, of * two 275 — 
e is expreſſed by the fam. of the produRts 
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multiplying both ſides of the equation by y we have 
x)=z; and therefore xy + y* ==, as # De; (the 
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1. From che geren of W above deter- | 
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that of "its Equal 27 " appears, Dr ihe: F 


fluxions of equal quantities being, neceſfarily, equal, * 


Frem this equation, * nen Y, and dividing the 
whole by 5. we — + = F 577 this, * writing 
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13. Men e 220 the fuxion ER a dots, =" 
gurton of the continual product of three, four, Kue 


or any other f of eg quantities my be 
determined. to: DAR M BET * 8 
Thus, let * 65 Fr v 3 eek APE 
of factors is 35 be firſt . = by. putting x 
our glyen expreflion will be e reduced to a; 
ſl ts fluxion. will be = +. (by Prop. 2.) ut, 
=2v, and therefore U ly the Same), 
41 5 e values be ſubſtituted in r, it will become 


X 2 + vs + zo =Ju9. +5, + Ir, the true fluxion | 
of uu, required. „ „ e eee ee 


5. * 


Again, if the gürion of , PAINE the unter 
. factors is four, was to be demanded; then, by 
making x =zvw, the quantity propoſed, will be re- 
duced to yx; and its fluxion will therefore be ex- 


preſſed by ; which, becauſe x is =2vw,.; and 35 


u + 2 + vw. (as appears from above)" will | 


be likewiſe” exprefled by fa ee, 
or H ta + you Da. 2 1 4 


In the ſame manner the fluxion of vie, will * 
to be c and 
ſo of others. | 8 

14. From the ici thus determined, this faxion 
of any power of a variable quantity (whoſe exponent 
is a whole poſitive number) is very readily obtained; 
nothing more being herein required, than to con- 
nder all the factors as — — os. Tf 

" 6 


ation of the print 6." 24 


— $P-jeu being found . 
it is plain, if both v 20 1 be_ ſuppoſe: al- 
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16. This laſt general condluſfion,” kick in-of-very 
great importance 15 the buſineſs of fluxions, being the 
reſult of ſeveral deductions, whereby its truth and 
evidence may, perhaps, loſe a part of their force, 3 
more direct inveſtigation of the {ame may not here 
be amiſs; 2 the former method will, doubtleſs, 
1 the moſt eaſy and proper for beginners, to —_— | 
e manner of wor = by "__ 10 40 is Pat Þ 


and familiar. 12 


Conceive two Pointe m ad 1 60 ove; i the” 3 
ane from two other points A and C, along the. fight 
lines AB and CD; and let every thing be ſup ns 
as in Prop. 1 ; only ly, let the meaſure. of the dit 
deſcribed IF the een „ be, always, equal to thep 
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| B71)» will be truly defined by x* I ox. its its. 5 * 
C += i 3 
Whence, ſuppoſing + to denote the. eaſure of t 
 urtifottin-yelocity of „ it will appear,” ny ee 
in the ſaid oel es; that the meafure of the v 
Jocity of u, at any place 6, on this fide of S, muſt de 
— 3 r and 
| —_— leſs than #XpaP—1 ;" ſeeing each of the 
g Py ns the ſaid ſeries (the firſt: "oily _— is, 
00 + being: leſs than 4. oeh pg os 
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porary poſitions, beyond R and 8, and reaſoning in 
the ſame manner, the meaſure of the velocity at s will 
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5 | Therefore, as . ek e . 
and ſeeing the value thereof, before the point arrives 
at 8, is every where leſs; and afterwards, every where 
greater, than # xp I (or . it is evident, that, 
EN it muſt be neither leſſer nor greater, but exactly 
E to px?—1z ;, which quantity is thefefore,, the 
"fuxion of 47: and Agrees, e with that 
determined above. | 


16. In bringing out the foregoing 152124 of x*, the 
value of p, in both methods, was taken as a whole 
"amber: nevertheleſs the concluſion itſelf holds equally. 

" true, when p is a fraction, as in the notation of roots. 
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given; and then; by fquaring both ſides, Jou v 
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has been already ſhewn.) This, by ſubſtituting for 
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| Exponent. | 
The reafon of this rule is ſeen „ 9 ; ing cul 


fel being nothing more than Nn. ys fluxion, of . 
#1 expr ed in words. 4 


RULE Il, k 


To find ah Fluxion of the product of 3 varichlh 
as Quantities, multiplied together. vr 


Ay the fluxion of each, by the product of the re 
antities ; ſo. ſhall the Jum. of all the a 


: 4 — ariſing be the true fluxion required. 


The reaſon of which is, likewiſe, evident from what 
has been already delivered. See Art. 1 3. 7 | 


RULE III. 


To find the Fluxien of a Fradion, ariſing 3 « 
Diviſion of one variable Quantity by another. 


| From the fluxion of the nunterator, drawn into the 
denominator, ſubtract the_fluxion of the denominator, drawn 
into the numerator z and divide the remainder 2 _ 


| Joe of the denominator, - of 


'This appears from 2.2 og 2, the fuxion of = re | deter- 


mined in Art. 12 . 


Though I might 3 with 8 3 put 
an end * this 3 as my profeſſed 235 3 
extends no farther than giving the young beginner 
ſome account of the nature, and firl principles, of 
fluxions, together with the inveſtigation of the fun- 
damental rules exhibited above; nevertheleſs, as dif. 
ferent ways of bringing out the ſame truths have often 


a a very good effect, and ſeeing fluxions of all _— 5 


tities whatever (whether powers, fractions, c.) a 

deducible from the fluxion of a rectangle, 1 mall. 

. ſubjoin a — method, whereby —_—_ ſaid 
uxion 


— 


% 


Inveſtigation of the principal Rules. 2 49 


fluxion of a rectangle (given by Prop. 2.) may be "Op 8 | 
be requiſite, firſt 


veſtigated: in order to which it will 
of all, to premiſe the following : 


ON 


LEMMA. 


. VB 

. 
* 
= 


18. The Fluxion of a curvilineal Space ARS, generated by 


the Ordinate RS (or the intercepted Part of a Right- 
line RI (moving parallel to itſelf, is equal to the Rec- 


tangle (Rs) under the ſaid Ordinate, and the Fluxion 


(Rr) of the Abſeiſſs AR. 


For, let a right-line un, of the ſame length with 
RS in the propoſed poſition PQ, be conceived to move 
from thence, parallel = 9 

to itſelf, with the H Monde 1 | 
| ſame Ccelerity that | 8 
the generating line | 13 
itſelf has in that po- S 
fition : by which Q 
means the reCtangle . | a 


PrsQ. will be uni- DR 22 3 


- Formly generated, with 

the very celerity by EN. 
which it begins to | | e 

be generated, or, by | P 


which the ſpace ARS A | R 2 a 


is encreaſed in the pro- = 
poſed poſition PQ fince both the length, and ve- 
locity of mn, are the ſame as thoſe of RS in the ſaid 


poſition. Hence the rectangle ſo generated muſt, con- 


ſequently, be the true fluxion of the ſpace ARS, by the 
definition. . ; 4 8 . 


But the ſame thing may be otherwiſe made to ap- 
| pear, from a different, and more logical method of 


arguing; by proving that the required fluxion can 


K k 


neither be greater, nor leſs, than the ſaid — 


9 


hus, | 


. = * 
, : 
2 OOO $5 = 2 OE eh 


: 
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Thus; if the line n (while it moves uniformly on © 
towards rs) be ſuppoſed to increaſe in length, the area 
PmnQ_, generated thereby, will evidently be greater 
1 5 P. | than that which would 

| - uniformly ariſe in the 
Re 


fame time, with the 
| * length at the 
Hirrſt poſition PQ; ſince 
the new parts, pro- 
duced each ſucceeding 
moment (as the gene- 
rating line continues 
to lengthen) are greater 
and greater. Ig | 
6 — And, in the ſame 
A R 77 manner, if the line 
mn, generating the fluxion, be ſuppoſed to decreaſe, 


P. 


* 
Y 


in length, from the given poſition PO, it is equally 


plain that the generated ſpace PmuQ will be leſs than 
the cotemporary ſpace that would, uniformly, ariſe 
with the given length at the firſt poſition PQ, 4 
Therefore, ſeeing the fluxion (or the ſpace that 
would uniformly ariſe from the generating celerity at 
the propoſed poſition) is leſs than any ſpace that can be 
deſcribed, in the given time, when the line mn in- 
"creaſes, and greater than any ſpace that can be deſcribed, 
when the ſaid line decreaſes; it muſt conſequently be 
jual to that ſpace which will ariſe, when the length 
of the ſaid line, from the given poſition, is ſuppoſed 
neither to increaſe nor decreaſe; that is, when the 
generated ſpace Pu is a rectangle, as in the pre- 
ceding figure, e 5 


WE, | „ PROPOSITION 


- 
ww 


e "PROPOSITION . „ 


| 19. * the Fluxion of the Produdt or Reengle = 


| of two variable Duantitics (x and y. l 


Let two right- lines PE and FG, Fi * 
2 other, be conceived to move. from two. Fe 7 


ight - lines BA and "IG 
, «continually pa- 7, ; EU | 


rallel to themſelves, 
and thereby generate 
the variable rectangle F 1 * 
DF: let He of | . 
their interſe ion, or 8 
the place of the angle F * 54 
H, be the line BH „ 
dividing the generated 
rectangle DF in two 


parts, BDH and BH.: — 8 — 3 


moreover let Dd (#) B X Dx A 
and FF. (5) be the fluxions of the ſides BD (+) - 


BF %; and ſuppoſe am and n to be drawn PR 


and equal, to DH and FH, _— 


Then, fince, by the preceding lemma, the fluxion' of 
the ſpace or area BDH, is truly expreſſed by the rec- 
tangle Dm (), and that of che ſpace or area BFH, 
by the rectangle Fu (), it follows, becauſe equal 


quantities have equal fluxions, that the fluxion of the 


propoſed rectangle: xy (= =BDH+BFH) is truly ex- 
prefled by , the very pon before determined. 
du it. l. 


It 
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give ſome inſtances of the uſe and application of the 
theory hitherto explained, in the reſolution of pro- 
blems : but, having inſiſted very largelyson this head 
in my Dodirine and Application of Fluxions, I ſhall 
take the liberty to recommend that work, to the 
peruſal of ſuch as are deſirous of farther information 
in the matter. Thoſe, for whoſe uſe the aboye ac- 
count is in a more particular manner deſigned, may 
have the opportunity of being inſtructed in the practice, 
by proper examples, without the trouble of turning 
to other books: „5 N 


4 


It may, perhaps, be expected, [that I ſhould nor e 


